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Abstract. High-energy emission from blazars is thought to arise in a relativistic jet launched by
a supermassive black hole. The rapid variability of the emission suggests that structure of length
scale smaller than the gravitational radius of the central black hole is imprinted on the jet as it
is launched, and modulates the radiation released after it has been accelerated to high Lorentz
factor. We describe a mechanism which can account for the acceleration of the jet, and for the
rapid variability of the radiation, based on the propagation characteristics of nonlinear waves
in charge-starved, polar jets. These exhibit a delayed acceleration phase, that kicks-in when the
inertia associated with the wave currents becomes important. The time structure imprinted on
the jet at launch modulates the photons produced by the accelerating jet provided that the
electromagnetic cascade in the black-hole magnetosphere is not prolific.
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1. Introduction

The blazar PKS 2155-304 has been observed to exhibit remarkably rapid variability at
very high flux levels (Aharonian et al. 2007, HESS Collaboration 2010). In the most ex-
treme flare, structure in the jet is implied that is roughly one hundred times smaller than
the gravitational radius rg = GM/c2, with M the black-hole mass (Begelman et al. 2008).
This structure is presumably imprinted as the jet leaves the black-hole magnetosphere,
suggesting that the axisymmetric, ideal MHD approximation might not provide an ad-
equate description. In analogy with pulsar magnetospheres (Spitkovsky 2006) it seems
reasonably to assume that a generalised form of the axisymmetric Blandford-Znajek
mechanism (Blandford & Znajek 1977) causes the non-axisymmetric magnetosphere of a
rotating black hole to drive a Poynting-flux dominated jet, part of which might propagate
in the low-density funnel around the rotation axis. In the following, we develop this idea
by examining the propagation characteristics of nonlinear electromagnetic waves above
the polar regions of a rotating black hole.

2. Jet parameters

Matter accreting onto a rotating black hole fails to penetrate into a conical region
or “funnel” around the rotation axis (De Villiers & Hawley 2003; McKinney & Gam-
mie 2004), where the density is presumably dominated by an electron-positron plasma
produced in an electromagnetic cascade. The physical conditions in this outflowing
plasma can be described by three dimensionless parameters: (i) the nonlinearity or
strength parameter a = a0 (c/ωr), where ω/2π is the wave frequency and

a0 =
[

4πe2L/
(

m2c5Ωs

)]1/2
= 3.4× 1014L

1/2
46 (2.1)

(L is the luminosity in solid angle Ωs, L46 the “4π” luminosity in units of 1046 erg/s,
which, for PKS 2155-304 is approximately unity), (ii) the mass-loading of the wind µ =
L/Ṁc2 (Michel 1969), with Ṁ the mass flux in the jet, (iii) the magnetisation parameter
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σ which is the ratio of the energy flux carried by electromagnetic fields to that carried
by particles. For monoenergetic electrons and positrons of Lorentz factor γ,

σ = (µ/γ)− 1 (2.2)

We specify its value at the “launching” radius, inside of which the ideal MHD approxima-
tion is assumed to hold, and denote this (constant) quantity by σ0. The particle Lorentz
factor at the launching point is then γ0 = µ/ (σ0 + 1). An alternative, more intuitive
measure of the mass-loading, is the pair multiplicity κ, defined as in pulsar physics (e.g.,
Lyubarsky & Kirk 2001). Here, we specify κ by its value κrg at r = rg:

κrg ≈ a0
4µ

(

c

ωrg

)

(2.3)

3. The two-fluid model

We adopt the model of two cold, charged fluids (e±) in a Kerr metric, following
Khanna (1998). To keep the analysis tractable, only transverse waves are treated. We also
assume radial propagation, circular polarisation and charge neutrality. It follows that the
fluids have the same radial component of the four-velocity, which we write as a dimen-
sionless momentum p‖. The transverse components of the fluid momenta are equal and
opposite and are denoted by ±p⊥. The evolution is described by the continuity equation,
the equations of motion of the fluids and the two relevant Maxwell equations (Faraday’s
law and Ampère’s law) in the small-wavelength approximation, c/ωr ∼ ǫ ≪ 1. Although
smaller, we assume that the wavelength is of the same order in ǫ as the gravitational
radius rg. Under these conditions general relativistic effects do not appear in the gov-
erning equations. In the lowest-order system of equations, we search for large-amplitude
plane-wave solutions using the approach introduced by Akhiezer & Polovin (1956).

3.1. Plane waves

Expressing all wave quantities in terms of the phase φ enables the fluid equations to be
converted into a set of ordinary differential equations, which can be integrated to find
nonlinear wave solutions. Concentrating on waves with subluminal phase velocity, βw < 1,
one finds that the particles are in resonance with the wave in the sense that the radial
components of the fluid velocities equal the phase velocity of the radially propagating
wave. In this case the plasma current is directed along the magnetic field and, to lowest
order, the forces exerted on the fluids by the fields vanish. Viewed from a frame that
moves radially with speed βw, the electric field vanishes, and the wave is simply a static
magnetic field of constant magnitude whose direction rotates through 2π radians over
one wavelength. The rate at which the B-vector rotates is arbitrary, being determined
by the dependence of the fluid proper density n on phase. In the following, we select the
simplest case, where n, |B|2 and |p⊥|2 are all constant and the wave is a monochromatic
magnetic shear, in rotating (complex) coordinates: B ∝ p⊥ ∝ e±iφ.

3.2. Radial evolution

The radial dependence of the wave goes through three phases. Defining the dimensionless
radiusR = µωr/ (a0c), on finds that |p⊥| ≪ 1 when R ≪ µ/σ0, and the wave is essentially
a cold MHD structure in which the inertia associated with the current is negligible.
There is no acceleration of either the wave speed or the fluids in this regime, and the
magnetisation parameter σ remains constant at its initial value. At intermediate radii,
where |p⊥| ≫ 1, and σ ≫ 1, one readily finds an approximate solution, provided the
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Figure 1. The magnetisation parameter σ, radial and transverse fluid momenta p‖ and |p⊥|
and Lorentz factor of the wave, γw, as functions of the dimensionless radius R = µrω/ (a0c), for
σ0 = 108 and µ = 1.4× 1012.

wave is launched not too close to the sound speed (i.e., for γ0 ≫ σ
1/2
0 ≫ 1):

γw ≈R γ≈R2σ0/µ
σ≈µ2/

(

R2σ0

)

|p⊥| ≈Rσ0/µ .
(3.1)

This solution is valid until σ becomes of the order of unity, which occurs at R ≈ µ/
√
σ0

Finally, at large radius, R ≫ µ/
√
σ0, only kinetic energy remains: γ ≈ µ, γw ≈ µ/

√
σ0,

|p⊥| ≈
√
σ0. This behaviour is illustrated in Fig. 1, which plots the solutions for values

of interest in the case of PKS 2155-304: σ0 = 108, µ = 1.4× 1012.

4. Application to blazar variability

The radius racc at which acceleration begins, corresponding to R ≈ µ/σ0, is

racc ≈ rga
1/3
0 κ2/3

rg (ωrg/c)
−1/3 = 1.2∆t

1/3
100 κ

2/3
rg L

1/6
46 M

2/3
9 pc , (4.1)

where the variation timescale in units of 100 s is ∆t100 = (2π/ω) / (100 s) and M9 =
M/109M⊙. We analyse the case of mildly supersonic launch: σ0 ≈ µ2/3, so that

γ0 = 6.5× 103∆t
1/3
100 κ

−1/3
rg L

1/6
46 M

−1/3
9 . (4.2)

The solutions presented in section 3 eventually convert all of the Poynting flux to kinetic
energy flux at large radius. However, in the case of blazars, this is unlikely to be realised,
since the resulting Lorentz factor (= µ) is very large. Instead, dissipative processes,
which we have so far neglected, are likely to intervene. These include (i) instabilities in
the wave-solution, which can lead to an effective friction between the fluids, equivalent to
a finite resistivity in MHD language, (ii) interaction of the jet with the external medium,
causing collimation, or matter entrainment, and (iii) interaction with ambient photons,
causing jet deceleration and giving rise to inverse Compton photons.
If jet radiation is modulated at the wave frequency, it is straightforward to derive a

criterion on the size of the emitting region (assumed ∼ r) and the Lorentz factor of
the jet such that the modulations are not washed out by the travel time of the signal
across the source (Michel 1971, Arons 1979, Kirk et al. 2002): γ2

w2πc/ω > r. Since
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γw ∝ r in the acceleration region, this condition is fulfilled everywhere, provided it is
satisfied at r = racc, where γw = γ0. The requirement that modulation on a timescale of
100∆t100 seconds should not be filtered out leads, from (4.1) and (4.2), to an upper limit
on the multiplicity:

κrg < 14∆t100L
1/8
46 M−1

9 (4.3)

Equation (4.3) implies that those sources in which conditions close to the black hole
might favour the development of prolific cascades — such as strong disk emission —
should not exhibit extreme variability. In the absence of such a cascade, the magne-
tosphere is able to support vacuum gaps. These are thought to produce highly non-
stationary discharges in the pulsar environment (Levinson et al 2005, Timokhin 2010).
Thus, if our model is correct, the rapid variations of the TeV gamma-ray flux of a blazar
could be a direct manifestation of the fluctuating discharge of a vacuum gap in the
black-hole magnetosphere.

5. Summary and conclusions

Circularly polarized, large-amplitude waves are likely to be generated in the polar-cap
regions of a rotating black hole endowed with an external magnetic field. These regions are
believed to be charge-starved, so that the ideal MHD description might fail because the
inertia of the current carriers cannot be neglected. In the case of the subluminal magnetic
shear which we analyse above, this happens when p⊥ becomes relativistic, and it causes
the wave and jet to accelerate. Additional effects, such as collimation or interaction with
an external radiation field may enhance the acceleration process. However, a detailed
investigation remains to be done.
We do not address the question of the mechanism of γ-ray production in the accelerat-

ing jet. However, if, as seems inevitable, the emission is modulated at the wave frequency,
we show that the large spatial extent of the emission region fails to wash out this signal,
provided that the density of pairs injected in the magnetosphere by an electromagnetic
cascade is sufficiently small.
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Pe’er:

(a) Is there any evidence of an annihilation line?
(b) Are you considering any protons that can carry kinetic energy and momentum?

Kirk:

(a) Not to my knowledge. I also would not expect a signature, because the pair density
in the jet is very low.
(b) I have assumed a pair plasma. If protons are present (perhaps introduced into

the funnel by decaying neutrons) the structure of the nonlinear wave modes is more
complicated, but could, in principle, be analysed using the same approach.

Levinson: How is it possible to have variations on a time scale shorter than rg/c?

Kirk: I don’t think there is any fundamental reason for excluding structure in a non-
axisymmetric magnetic field on scales less than rg, at a position close to r = rg. I just
assume these are transported radially to large distance. The transverse length scale is
stretched, but the radial length scale remains fixed in the lab. frame for a relativistic
flow. Provided the Lorentz factor is large, the photons that are produced at large radius
carry the information on the radial length scale to the observer, and this is not smeared
out by the large transverse size of the source.


