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Problem 1: Mass matrices and mixing angles [15 Points]

A general (Dirac) mass term for fermions is given by

LM = ψi,LMijψj,R + h.c.

where M is hermitian and given by a n× n Yukawa coupling matrix Y times the Higgs vev.

a) Show that for an arbitrary n×n matrix M one can choose a bi-unitary transformation UMV † to
diagonalize M , such that no diagonal element UMV † = D := diag(m1,m2, ...,mn) is negative.
The matrices U and V are unitary.

b) Show that for a real mass matrix M one can choose orthogonal diagonalization matrices.

c) As an example for calculable mixing angles consider a simple 2 × 2 mass matrix of the form

M =
[

0 a
a∗ b

]
.

The unitary matrix that diagonalizes M can be described by a single parameter: a mixing angle
θ. Show that the following relation between mixing angle and masses holds:

tan θ =
√
m1
m2

.

Compare this with the Cabibbo angle and the down and strange quark masses.

d) A completely different situation holds for the symmetric mass matrix

M =

 a b b
b 1

2(a+ b+ d) 1
2(a+ b− d)

b 1
2(a+ b− d) 1

2(a+ b+ d)

 .
Give the mixing matrix for this mass matrix (Hint: try first a 23-rotation).

Problem 2: Mixing of leptons [5 Points]

Show that a mixing matrix for charged leptons would have no physical effect if neutrinos were massless
particles. In other words, charged lepton mixing in the Standard Model with massless neutrinos is
redundant.
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