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Problem 1: The Boltzmann equation [10 Points]

Consider a stable particle χ and its antiparticle χ̄ that participate in the annihilation process

χ χ̄ ↔ ψψ̄ , (1)

where ψ denotes all possible final WIMP states. Assuming a co-moving volume whose expansion is
governed by the standard Friedmann equations, the number density n of ψ in that volume is governed
by the Boltzmann equations

dn
dt = −3Hn− ⟨σannv⟩

(
n2 − n2

eq
)

(2)

ds
dt = −3Hs , (3)

where t is time, s is the entropy density, H is the Hubble parameter, neq is the “WIMP equilibrium
number”, and ⟨σannv⟩ is the thermally-averaged total annihilation cross-section.

a) It is convenient to combine the two Boltzmann equations above into one differential equation
by defining the new variables Y = n/s and x = m/T where m is the mass of ψ and T is the
temperature. Use these definitions to derive the following relation.

dY
dx = 1

3H
ds
dx⟨σannv⟩

(
Y 2 − Y 2

eq
)

(4)

b) The Hubble parameter is related to the energy density ρ according to

H2 = 8π
3M2

pl
ρ , (5)

while the energy density and entropy density may be expressed in terms of their respective
effective degrees of freedom, geff(T ) and heff(T ), as

ρ(T ) = π2

30T
4geff(T ) , s(T ) = 2π2

45 T
3heff(T ) . (6)

Use these relations to find an expression for ds/ dx, then plug this into the previous result to
derive

dY
dx = −

(
45
πM2

pl

)−1/2
g

1/2
∗ m

x2 ⟨σannv⟩
(
Y 2 − Y 2

eq
)
, (7)

where

g
1/2
∗ = heff

g
1/2
eff

(
1 + T

3heff

dheff
dT

)
. (8)
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c) One may solve (7) numerically which yields the famous plot on the following page. Give a brief
explanation of what is happening in this figure.
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Problem 2: Z ′ physics [10 Points]

If one adds an additional U(1)′ symmetry to the SM gauge group, the general effective Lagrange
density after breaking the SU(3)C × SU(2)L × U(1)Y × U(1)′ symmetry to SU(3)C × U(1)em can be
written as

L = LSM + LZ′ + Lmix .

The relevant part of the Standard Model Lagrangian is given by

LSM = −1
4B̂µνB̂

µν − 1
4Ŵ

a
µνŴ

µν,a + 1
2M̂

2
ZẐµẐ

µ − e

cW
jµBB̂µ − e

sW
jµ,aW Ŵ a

µ

where the hats denote that the fields are not mass eigenstates. The Z ′ part reads

LZ′ = −1
4 Ẑ

′
µνẐ ′µν + 1

2M̂
2
Z′Ẑ ′

µẐ ′µ − g′j′
µẐ

′
µ ,

where g′ denotes the U(1)′ gauge coupling. Finally, the kinetic- and mass-mixing terms can be pa-
rameterized as

Lmix = −sinχ
2 Ẑ ′

µνB̂
µν + δM̂2Ẑ ′

µẐ
µ .

a) Determine the mass eigenstates Zµ1 and Zµ2 and determine the couplings of Z1,2 to the currents
jB, jW and j′. You may set the kinetic mixing angle χ to zero for simplicity.
Hint: Reexpress B̂µ and Ŵ 3

µ in terms of Aµ and Zµ.

b) Since the mass of the physical Z boson changes compared to the SM, the ρ parameter is no
longer equal to one (at tree-level). Use the current value ρ = 1.0008+0.0017

−0.0007 to constrain the Z-Z ′

mixing. You may assume that M̂Z′ ≫ M̂Z ≫ δM̂ .

c) A well-motivated extension of the SM is a gauged B-L symmetry (baryon minus lepton number).
Write down the corresponding current for each of the SM fermions using the general formula,

j′
µ =

∑
ψ

ψ̄ γµQBLψ ,

where QBL denotes the B-L charge operator.
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