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Plan for this seminar

e Introduction to unitarity constraints and holomorphic cutting
rules

e Dirac leptogenesis from scatterings of massless particles

e Further (unexpected) consequences of unitarity



Partl.

CPT and unitarity constraints



Unitarity and optical theorem

Ste=1 — iTT—iT=T'T for iT=9-1
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Imaginary kinematics in Feynman diagrams

iTT—iT =TT — iTj—iT; = Z

L. Real couplings with T = T}

2Im Tjy = > T}, Ty,
n
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Imaginary kinematics in Feynman diagrams

iTT—iT =TT — iTj—iT; = Z (4)

L. Real couplings with T = T}

2Im Ty = Y T}, T, (5)
n
2. Imaginary kinematics
Y. CuKp <« Cp=ChK;=K, (6)
diagrams
2Im K, = Y Kj, K, (7)
n

[Cutkosky ’60; Veltman 63|
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CP asymmetric reactions

CPT symmetry implies |Tf_i|2 = |Tz-f|2 — A|Tﬁ|2 = |Tﬁ|2 — |Tif|2 (8)
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CP asymmetric reaction — the ingredients
e loop kinematics with nonzero imaginary part
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CP asymmetric reactions

CPT symmetry implies | T* = |Ty|*  —  A|Tg> = | Ty> — | Tyl (8)
Ty = CH K™ + CRP K

tree y-tree loo loo
Ty = Cif Ky + Oif pKif P

AITyf2 = —aTm [0 €% T [ Kjree Ko

Sig =981 — 14+iT—iTM + TTM =1 4+iT —iT" + T'T (9)



CP asymmetric reactions

CPT symmetry implies | T* = |Ty|*  —  A|Tg> = | Ty> — | Tyl (8)
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[Dolgov ’79; Kolb, Wolfram ’80; see also Hook ’11; Baldes et al. ’14]
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A toy model for non-obtaining the asymmetry
Ly = — Z Aigbh® + Hee.

e irreducible complex phases in couplings

e imaginary kinematics in ¢ — 1) amplitude at O(\*) order
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A toy model for non-obtaining the asymmetry
Liny = — Z Aidsby© + Hee.

e irreducible complex phases in couplings

e imaginary kinematics in ¢ — 1) amplitude at O(\*) order
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CPT and unitarity constraints

CPT symmetry implies | T* = |Ty|*  —  A|Tg> = | Ty> — | Tyl (8)
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CP asymmetric reaction — the ingredients
e loop kinematics with nonzero imaginary part
A‘ T ’2 # 0 ’ e model with irreducible complex phases
fi

e at least two nonvanishing asymmetries with the
same initial state
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CPT and unitarity constraints
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Fig. 3. Pictorial representaion of the self-enrgy contp
eross section asymmelry €,

Therefore, one can pictorially represent the self-
energy contributions to ¢(#“H" —/H) as in Fig.
2, where the cut blobs are the initial () and final (f)
states, while the remaining blob stands for the one-
loop self-energy. This last is actually the sum of two
contributions, one with a lepton and one with an
antilepton.

Now, in the computation of €, . only the absorp-
tive part of the loop will contribute, and the Cutkoski

iTyiT},i T,

Physics Letters B 424 (1998) 101105 103

Turning now to the vertex contributions, to see
the cancellations we need to add the three contribu-
tions shown in Fig. 4 (including the tree level u-
channel interfering with the one-loop self-energy
diagram). In terms of cut diagrams, this can be
expressed as in Fig. 5, where CP-conjugate stands
for the same four diagrams with all the arrows
reversed. Hence, the CP-conjugate contribution will
exactly cancel the four diagrams, since changing the
directions of the arrows just exchanges among them-
selves the first and fourth diagrams, as well as the
second and third ones. We then see explicitly that the
absorplive part of the self-energies are also playing
here & crucial role, enforcing the cancellation of the
CP violation produced by the vertex diagrams.

The only remaining diagrams to be considered are
the interference of the one-loop verlex diagrams with
the tree level u-channel. Pictorially, they are repre-
sented in Fig. 6, and they again cancel since the two

(15)

[Covi, Roulet, Vissani 98]
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Holomorphic cutting rules
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Holomorphic cutting rules
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[Coster, Stapp '70; Bourjaily, Hannesdottir, et al. '21]
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Holomorphic cutting rules
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Holomorphic cutting rules
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CP asymmetry in the Boltzmann equation

Change in # of particles <> average # of their interactions

) 1
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CP asymmetry in the Boltzmann equation

Change in # of particles <> average # of their interactions

1
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all reactions

d3p

(2n)2E, | T5? = Vu(2m)20C) (py — p;)| My

[dp] =
Boltzmann equation for the asymmetry in f; particle density
Anf1 =Ny T

Ay +3HAn, = > Ay — Ay
Af)/fz - ’Yfz - W all reactions

(22)



CP asymmetry in the Boltzmann equation

Change in # of particles <> average # of their interactions

1
g +3Hn, = Y =y VfiZ/l;I[dPi]ﬁ(Pi)/l\;t[[de]V4’Tfi|2 (21)

all reactions
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Kinetic equilibrium as a simplifying assumption
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CP asymmetry in the Boltzmann equation

Change in # of particles <> average # of their interactions

) 1
g +3Hn, = Y =y VfiZ/l;I[dPi]ﬁ(Pi)/l\;t[[de]V4’Tfi|2 (21)

all reactions

d3p
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Detailed balance condition

1159w = 157 py) Ayt = —Avg (24)
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CP asymmetry in the Boltzmann equation
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CP asymmetry in the Boltzmann equation
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Source terms

e through A'yz.q depend on A| Tﬁ|2

e symmetric part of particle densities
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CP asymmetry in the Boltzmann equation

n; n; n; An: n. n,; n, An,; T,
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Source terms Wash-out terms

e through A'yz.q depend on A| Tﬁ|2 e depend on density asymmetries

e symmetric part of particle densities e symmetric part of reaction rates

e typically lead to asymmetry suppression



Which reactions?

D A=) ek ek X Ay + wash-out (26)
all reactions A EY nil ni? nip

e In the f; asymmetry source-term, f; must be present in the final state of the
contributing reactions.

e Out-of-equilibrium particles must appear in the initial state.
[See also Racker ’19]
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Which reactions?

Z A’Yfz

all reactions e fl p

1+ wash-out (26)

e In the f; asymmetry source-term, f; must be present in the final state of the
contributing reactions.

e Out-of-equilibrium particles must appear in the initial state.
[See also Racker '19]
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Which reactions?

Z A’Yfz

all reactions e fl p

1+ wash-out (26)

e In the f; asymmetry source-term, f; must be present in the final state of the
contributing reactions.

e Out-of-equilibrium particles must appear in the initial state.
[See also Racker ’19]
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Which reactions?

Z A’Yfz

all reactions

1+ wash-out (26)
7 f3f1 p

e In the f; asymmetry source-term, f; must be present in the final state of the
contributing reactions.

e Out-of-equilibrium particles must appear in the initial state

[See also Racker ’19]
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Summary .

e Feynman integrals may get imaginary kinematics from on-shell intermediate states.
e Irreducible complex phases may lead to C'P-violating processes.

e Unitarity and CPT symmetry imply

AT =3 (iT 0T, i Ty, — i Tyi T, T,
n
=3 (1T i T i Ty Ty — AT TyiT,, i T, )
n,k

+.. o« D AT =0
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Dirac leptogenesis from scatterings



Leptogenesis with Dirac neutrinos

e Originally introduced in Phys. Rev. Lett. 84, 4039. [Dick, Lindner, Ratz, and Wright 2000]
e Lepton-number conserving decays of heavy particles.

e Right-handed neutrinos decoupled from the bath develop asymmetry opposite to
that of standard-model leptons.

28 28

[Kuzmin, Rubakov, Shaposhnikov ’85; Harvey, Turner 90|
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Leptogenesis with Dirac neutrinos
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Leptogenesis with Dirac neutrinos
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Leptogenesis with Dirac neutrinos
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Leptogenesis with Dirac neutrinos
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Leptogenesis without heavy particles?

1- - -
L= §LCFZ~LXZ~ +epGvrX;+He. <+ X, masses above T, (37)

[Heeck, Heisig, Thapa '23b]
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Leptogenesis without heavy particles?
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L= §LCFZ-LXi +epGvrX;+He. <+ X, masses above T, (37)

[Heeck, Heisig, Thapa ’23b]
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Leptogenesis without heavy particles?

L= QCF,-LX,- + Zlfz Gil/RXi + ﬂ&KieRXi + H.c. <+ X, masses above T, (38)

[Heeck, Heisig, Thapa ’23a; Blazek et al. '24]
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Leptogenesis without heavy particles?

L=QFLX; +d;GupX; + u5K;epX; + He. < X; masses above T, (38)

[Heeck, Heisig, Thapa ’23a; Blazek et al. '24]

e Baryon and lepton number conservation

uR? VR eR*
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Leptogenesis without heavy particles?

L=QFLX; +d;GupX; + u5K;epX; + He. < X; masses above T, (38)

[Heeck, Heisig, Thapa ’23a; Blazek et al. '24]

e Baryon and lepton number conservation

uR? VR eR*

e Further global symmetries

A, =Dy Ap=D0g, A, =4, (40)
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Leptogenesis without heavy particles?
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Leptogenesis without heavy particles?
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Leptogenesis without heavy particles?
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Freeze-in and wash-in
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Freeze-in and wash-in
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[Domcke et al. ’21]
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Freeze-in and wash-in

dyﬁ—fLE Y. 7qu — F—§qu < >+< > (50)
dx - x4H T . VR VR — 95 vp 0'11) 0'2'()
dA,  ¥Sdds . 10
& ol dx{A<UlU> (ng - YVR> + 5 (o30) <AL - 2Ae,,,> (51)
8 17 1Y, 3
+ §<le> |:AL - §Awa + Zfegl (AL - 2A’/15>:| }
dAe Yl/eq ds 10
d:rR - 9; dx{A<02U> (Yf}? - YVR) - §<‘73”> <AL - 2A6/() (52)
8 17 1Y, 3

[Blazek et al. '24]


https://arxiv.org/abs/2404.16934

Numerical solution

a1 =7.9x%x 10711, e=2.8 x 10~16
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10—14

Numerical solution
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Numerical solution
a1 =2.0x1072,e=6.1 x 10714
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Summary Il.

e Dirac leptogenesis through scatterings of massless particles works with sufficiently
complex model.

e Right-handed neutrino source-term vanishes.

e Asymmetry is washed in from small differences in standard-model particle
asymmetries.



Part lll.

Further consequences of unitarity



Unitarity and the Boltzmann equation

e e 1 s e
7ﬁq = /l;l[dpi] £9(p;) / lv_f[[dpf]v4 < —iTyi Ty + zn:lelTnflTﬁ — .. ) (53)
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Unitarity and the Boltzmann equation

e e 1 o e
7ﬁq = /H[dpi]fz’q(pi) / l_I[dpf]74 < —1Tyi Ty + ZlelTnflTﬁ - .. )
Vi vf n

|

Jlapae™ /" [ akfak) 25 oy~ ks )
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/[dpl]e_Epl/T /[dkl][dkfz]eE’”/T(QW)45(4)(P1 —ky — k)

[



Unitarity and the Boltzmann equation

/ [dpyJe /T / dky] dk»z[ Ekl/lTl]@w)%(“’(pl—kl—kz) (54)

[Blazek, Matdk ’21b]


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Vacuum diagrams and complex phases

e Used to represent the weak-basis invariants. [Botella, Nebot, Vives ’06; Nilles, Ratz, Trautner,

Vaudrevange 18]

e Reversing the arrows on charged-particle propagators must lead to a topologically
inequivalent vacuum diagram.

AT =7 (IT 0T i T = AT T, T, ) .. (55)
n
L v L v L e L e
= .
S~ — ~. — ~_ — ~_. —

1 _ _ _ — — — — _ —
L= L°FLX; + 8 GpX, + He. L= QF;LX; + dgGivp X; + upKiep X; + Hec.


https://iopscience.iop.org/article/10.1088/1126-6708/2006/01/106
https://doi.org/10.1016/j.physletb.2018.09.053
https://doi.org/10.1016/j.physletb.2018.09.053

Vacuum diagrams and the Boltzmann equation

(56)



Vacuum diagrams and the Boltzmann equation

L e ‘ u‘
~ 4‘ (56)

< p d
= S (57)

L 2n§j (= 1) [F9(°D] "5 (%) = —2nfen(2°)5%)  (58)



Vacuum diagrams and the Boltzmann equation

(56)

(57)



The assumeptions we made
p= pr exp{ ZF apap}, = HZP (60)

Ty

e B/T o= Fp — =y f,="Tr [a;r,app} (61)
P =58pSt = (14iT)p(1 —iT+iTiT —...) (62)

The collision term for the Boltzmann equation is obtained as Tr [ a, p(p p )] /Vy.

[McKellar, Thomson '94; Blazek, Matak ’21b]


https://doi.org/10.1103/PhysRevD.49.2710
https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

What else can be done?

e Thermal masses from anomalous thresholds. [Blazek, Matak '22]

e (CPT and unitarity constraints generalized to thermal-corrected asymmetries. In the
seesaw type-1 leptogenesis at O(Y4Y?) they look like

eq
Ay goie T AV @@ T D@1 T Avgoioer =0 (63)

0
2 —

miy,(T) g o (A’VN Lt AWN—)ZH) =0. (64)

[Blazek, Maték, Zaujec ’22]

H 10

e No double-counting from intermediate states. Resonant dark matter annihilation at
fixed order. [Maték ’24; see also Ala-Mattinen, Heikinheimo, Tuominen, Kainulainen ’24]


https://link.springer.com/article/10.1140/epjc/s10052-022-10165-8
https://iopscience.iop.org/article/10.1088/1475-7516/2022/10/042
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.109.043008
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.096034

Summary lll.

e Vacuum diagrams must not be invariant under the arrow reversal to come with a
complex phase.

e Completing the Boltzmann equations by all possible unitary cuts represents thermal
corrections (even when you do not notice that).

Thank you for your attention!



Backup



Description of multiparticle states

Single-particle state: |p) <  particle species, momentum, spin, ...

1 exp F),
bp= 7 o0 { - Fyayap}, 2y =Trexp{ =~ Fpajay} = oty (65)
p

[Wagner 91|


https://journals.aps.org/prb/abstract/10.1103/PhysRevB.44.6104

Description of multiparticle states

Single-particle state: |p) <  particle species, momentum, spin, . ..

1 exp F),
ppzzexp{—Fpa}T,ap}, Zp:Trexp{—Fpa;Eap} T expF, -1
P

1

2 def. B
o F, —1 Jy = exp{ = Fp}

fp = Trppa,j,a,p =

(65)

[Wagner 91|

(66)


https://journals.aps.org/prb/abstract/10.1103/PhysRevB.44.6104

Boltzmann equation from density matrix evolution

pznppzéexp{—ZFpa;ap}, Z=HZp (67)
p

p

o =8pST = Y —p=iTp—ipT'+ TpT" (68)

1 1 i
p—0p :TpTT — ETTT,O— QpTTT + %[T—i— TT,p]

[McKellar, Thomson ’94]

. 1 : 1
iTT:%(T—i— T) + 5 TT", iT:%(TJr T — 1Tt (69)


https://doi.org/10.1103/PhysRevD.49.2710

Boltzmann equation from density matrix evolution

p—pr exp{ ZFpa;ap}, z2=1][2, (67)

p

o =8pST = Y —p=iTp—ipT'+ TpT" (68)
1 1 i
p—0p :TpTT — §TTT,0 — §pTTT + %[T—i— TT,p]

[McKellar, Thomson ’94]

£ —f,=Tr[ala,(p' — p)] (70)

[a;r,ap,p]:O - fh=f= [ (plTlTT—lTplTT)] (71)


https://doi.org/10.1103/PhysRevD.49.2710

Boltzmann equation from density matrix evolution

=1t =Tr[a}a,(piTiT" —iTpiT")] (72)

(—1)kTr[a};ap(iTp(iT)k - P(iT)kH)]

0

Z1 - ZZ ny —Z f1llf2l2- (@ )

{it {n}

o~
I
—_

[Blazek, Matak '21b]


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

hh—1,= Z(—l)’“zlzl2 SOS T (ny— i) i GT)EIT, (72)
k=1 LY {0}

[Blazek, Matédk ’21b]

1,=0



https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

o

hh—1,= Z(—l)’“zlzl2 SOS T (ny— i) i GT)EIT, (72)
k=1 ) {n}

[Blazek, Matédk ’21b]

lq) # |p)

1. i, goes up by one in some i7', down in another.
2. The same in a reversed order.

3. g is lowered and increased in the same i7T.


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

1 211 ot . .
o=ty =2 (D =3 % (= i) R GDRAT, (72)

[Blazek, Matédk ’21b]
@) # |p)

1. i, goes up by one in some i7', down in another.

z+1’[ 1 .
<mq \/_'q> — 1+, (74)


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

/ _ - _1\k 1
f=fp=2_(=1) 712y . ..

k=1

S (ny— i) e ()5 T (72)
{i} {n}

[Blazek, Matédk ’21b]

lq) # |p)

1. i, goes up by one in some i7', down in another.

1 i 1 i .
<Waq‘z+1a;ﬁa2 q> — 1 + 'lq (74)
S U+ = 2,1+, (75)

7,=1


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

= 1 T T
fgg - fp = Z(_l)kZIZQ Z Z (np - Zp) fllf;z cee (lT)fanm (72)
k=1 U {0}
[Blazek, Matédk ’21b]
lq) # |p)
2. and 3.
1 ig—1 1 Tiq
< G _1),% q\/—,aq > - \/; (76)
q q
Z iqf;q = Zyfq (77)


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Boltzmann equation from density matrix evolution

hh—1,= Z(—l)’“zlzl2 SOS T (ny— i) i GT)EIT, (72)
k=1 LY {0}

[Blazek, Matédk ’21b]

n, —i,=+1 —  Z,(1+f) (78)
n,—i,=-1 — —Zf, (79)


https://link.springer.com/article/10.1140/epjc/s10052-021-09874-3

Unstable-particle intermediate states

— 2 — - *
I s o Iy (1, Is
x NS Ny
| Tursial® \\—/ = ) \ , \ (80)
- ; // \\ % // \\ /{ \\
H H H H \H H




Unstable-particle intermediate states

| Tyl

Terms with ¢ # j

H H

H

- *

I I |° I I (1. Is
4 N = Z / N / N (80)
) // \\ Z’?j // \\ /{ \\
H H H H \H H
=P imd(s — M? 81
s— M? +ie sz T (s ) (81)
I i s g
N N
4 N - 4 \ + (82)
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Unstable-particle intermediate states

Terms with 7 = j

2 1
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Unstable-particle intermediate states

Terms with 7 = j

l, I |°

N I N B
s N s — M2 +ie MT | s — M? + ie
H H

(83)



Unstable-particle intermediate states

Terms with 7 = j

L s
N I .

5(s — M? 83

AN s— M2 +ie ro¢ ) (83)

’TZH—JI?P ~ ‘TlH—>N|2 X Br(N — ZH) (84)

\

double-counting the inverse decays



Unstable-particle intermediate states

Terms with ¢ = j from holomorphic cuts




Unstable-particle intermediate states

Terms with ¢ = j from holomorphic cuts

I s
NS
e N % -
// \\
H H

| Ty? = —iT i Ty + Y AT 0T, AT = > T, AT, i T T, + ...
n

n,k

(85)

(86)



Unstable-particle intermediate states




Unstable-particle intermediate states

(87)



lo lg
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Unstable-particle intermediate states

(s — M2)? — ¢ o 1

= ImZ(s) X _%PS——W

[Hannessdottir, Mizera '22; Matdk 23]


https://link.springer.com/book/10.1007/978-3-031-18258-7
https://arxiv.org/abs/2305.19238
https://link.aps.org/doi/10.1103/PhysRevD.105.076019

Unstable-particle intermediate states

I s |
NS
/ N % -
// \\
H H
(s — M2)? — ¢ 0 1
ImY» L =Im>X P
o« Im (S)X[(S—Miz)2+ B m X (s) x 95" 5= M2

[Hannessdottir, Mizera '22; Matdk 23]

No double-counting

MfFi{ = ! - 2 } — 0 (90)

2

[Matsk *22]


https://link.springer.com/book/10.1007/978-3-031-18258-7
https://arxiv.org/abs/2305.19238
https://link.aps.org/doi/10.1103/PhysRevD.105.076019

(91)


https://arxiv.org/abs/2305.19238

(91)

(92)

- {Rez(s)8 + 8Rez(s)}

Ty o, |? (93)

[Matédk *23]


https://arxiv.org/abs/2305.19238

