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Exercise 15: Fate of the false vacuum

Part I

Consider the quantum �eld theory of a single scalar �eld in four dimensional
space-time with the Lagrangian

L =
1

2
∂µφ∂

µφ− U(φ).

The potential has the following form

U(φ) = U+ +
ε

2a
(φ− a) and U+ =

λ

8

(
φ2 − µ2

λ

)2

,

with a small positive constant ε.

a) Sketch the potential. Think how a classical �eld would behave in such a
potential. Is there a di�erence to a quantum �eld?

The rate for the wall penetration is given to �rst order in ~ by the exponential
of the euclidean action (where τ = it).

Γ = A exp[−SE] and SE =

∫
dτd3x

{
1

2

(
∂φ

∂τ

)2

+
1

2
(∇ · φ)2 + U(φ)

}

We can argue that now the solution will have an underlying O(4) symmetry
and hence it is sensible to introduce the variable ρ =

√
τ 2 + ~x2 on which the

solution will depend only.

b) Simplify the action using the symmetry assumption and derive the equa-
tion of motion.

Tipp:You should get:
d2φ

dρ2
+

3

ρ

dφ

dρ
=
dU

dφ
.



Part II

Thin wall approximation: Suppose now that around a value of ρ = R the
damping (term proportional to one over rho) can be neglected and also the
epsilon part of the potential can be dropped.

c) Show now that under those assumptions the equation of motion is solved
for arbitrary U+(φ) by:

x =

∫ φ1

0

dφ√
2U+(φ)

.

d) Convince yourself that for the U+ in this problem the solution is given by
φ1 and sketch it.

φ1 = a tanh[
1

2
µx]

Note: This is a so called solitonic wall.

e) Assuming the above form of the solution compute the action and vary it
with respect to R.

f) Interpret your result. What does it mean for the fate of our universe?
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