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Exercise 7: Dirac bilinears

The Dirac bilinears are given by:

S = ψ̄ψ, V µ = ψ̄γµψ, Aµ = ψ̄γ5γµψ, P = i ψ̄γ5ψ, T µν = iψ̄γ[µγν]ψ

a) Check the transformation behavior of the bilinears under Lorentz trans-
formations, using:

ψ(x)→ Λψ(Λ−1x)

ψ̄(x)→ ψ̄(Λ−1x)Λ−1

Λ−1γµΛ = Λµ
νγ

ν

b) Investigate the transformation properties of the bilinears under Parity
transformation, using:

PψP = ±γ0ψ(x̃),

Pψ̄P = ±ψ̄(x̃) γ0,

with: x̃ = (x0 ,−~x).



Exercise 8: Pion decay I

a) Consider the following reaction, mediated by the strong interaction:

π d→ nn.

Here π is the pion (spin 0), d the deuteron (core of the deuterium with spin
1) and n is the neutron (spin 1

2
). The pion is captured by the deuteron from

a 1S state (implying that l = 0 in the initial state). Therefore the total
angular momentum of the initial state is j = l + s = 1. Parity of the initial
state and parity of the �nal state are given by:

Initial: (−1)lPπPd,

Final: (−1)lPnPn.

The neutrons in the �nal state are identical fermions and hence the allowed
two particle states are :1S0,

3P0,1,2, ,
1D2,

3F2,3,4, .... The only state with j =
1 is the 3P1 state and since total angular momentum has to be conserved, this
will be the produced state. Now assuming that strong interactions preserve
parity and knowing that the parity of the deuteron Pd = 1 , determine the
parity of the pion Pπ.

b) Consider now the pion decay: π+ → µ+ + νµ.

The e�ective Lagrangian describing this decay is the Fermi type interaction:

L = −GF√
2

cos θc
[
ūγµ(1− γ5)d

]
[µ̄γµ(1− γ5)νµ] .

Show that:
〈0|ūγµd |π+(p)〉 = 0.

And:

〈0|ūγµγ5d |π+(p)〉 = i fπpµ.

Where fπ is the pion decay constant.



Exercise 9: Vacuum energy

The energy momentum tensor of a massive, real, scalar �eld is given by
(convention used (+,−,−,−)):

Tµν = ∂µφ∂νφ−
1

2
gµν

(
∂λφ∂

λφ
)

+
1

2
gµνm

2φ2

The vacuum expectation value of this quantity is now of interest: 〈Tµν〉 =
〈0|Tµν |0〉 with the energy density ρ = 〈T00〉 and the pressure p = 〈Tii〉.
The second quantized �eld is given by:

φ̂(x) =
∫ d3k

(2π)32E

{
â(~k)e−ikµx

µ

+ â†(~k)eikµx
µ
}

a) Using second quantization and the fact that â(k) annihilates the vacuum
state, calculate the energy density and the pressure of the vacuum. Introduce
a momentum cut-o� Λ as the upper limit of the momentum integral. Then
organize the terms in the result in powers of Λ using the condition that
Λ2 � m2.

b) In cosmology the local conservation equation of the energy momentum
tensor reads as (with a being the scale factor of the universe):

∂µT
µ0 = ρ̇+ 3

ȧ

a
(ρ+ p)

Check order by order in Λ whether the energy momentum of the vacuum
is locally conserved. Furthermore discuss the implication of your result for
cosmology by inserting your result in the second Friedmann equation:

3
ä

a
= −4πGN (ρ+ 3p) .
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