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Exercise 1: Massless Vector �eld

The Lagrange density of a massless Vector (Spin 1) �eld is given by:

L = −1

4
F µνFµν − jµAµ , (1)

with the Field-strength tensor being:

F µν = ∂µAν − ∂νAµ (2)

a) Vary the Action for the �eld and derive the equations of motion for Aµ.

b) In Electrodynamics the relation between the four-potential Aµ and the
E and B �elds is:

~B = ~∇× ~A
~E = −∂t ~A− ~∇A0 (3)

Rewrite F µν as a function of the components Ei and Bi.

c) Show that the e.o.m. for Aµ satis�es the inhomogeneous Maxwell eqns.

~∇ ~E = ρ
~∇× ~B − ∂t ~E = ~ (4)

with (jµ = (ρ,~)), while the homogeneous Maxwell eqns are satis�ed
trivially by (2).

~∇ ~B = 0
~∇× ~E + ∂t ~B = ~0 (5)

(Hint for Nr. 1. : Write the e.o.m with the Field-strength tensor. )



Exercise 2: Symmetry of the QED Lagrangian

Prove the invariance of the QED Lagrange density

LQED = −1

4
FµνF

µν + ψ̄ (i/D −m)ψ

Fµν = ∂µAν − ∂νAµ , Dµ = ∂µ − ieAµ (6)

under local gauge transformations, de�ned below:

ψ → ψ′ = e−iθ(x)ψ , ψ̄ → ψ̄′ = eiθ(x)ψ̄ , Aµ → A′µ = Aµ −
1

e
∂µθ(x) (7)

Exercise 3: Noether Theorem

a) Derive the Noether theorem for a global symmetry transformation of
the Lagrange density:

L = L(φA, ∂µφA)

What is the conserved current?

b) Apply your results to the Lagrange density of a massive, complex, scalar
�eld:

L = ∂µφ∂
µφ ∗ −m2φφ∗

What is the conserved current here?
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