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In the last session we discussed a Lagrangian invariant under a global transformation:

ui → u′i = ui(x) + δui(x)

and
δui(x) = T kijεkuj(x).

The transformations we discuss here are more general and the generators of the group are T kij and εk are
the coe�cients. In the case of a global symmetry εk has no space-time dependence. We have derived the
following expression, which can be written in this general case as:

Jµ =
∂L

∂(∂µui)
δuj =

∂L
∂(∂µui)

T kijεkuj(x)

In the case of a local transformation we have to allow ε(x) to have a space-time dependence and hence.

δ(∂µui(x)) = T kijεk(x)∂µuj(x) + T kijuj(x)∂µεk(x)

For the variation of the Lagrangian we get:

δL =
∂L
∂ui

δui(x) +
∂L

∂(∂µui)
δ(∂µui) =

=
∂L
∂ui

T kijεk(x)uj(x) +
∂L

∂(∂µui)
T kijεk(x)∂µuj(x) +

∂L
∂(∂µui)

T kijuj(x)∂µεk(x)

The �rst two terms are zero, since our Lagrangian is invariant under global symmetry transformations and
we are left with:

δL =
∂L

∂(∂µui)
T kijuj(x)∂µεk(x) 6= 0

However, we want the Lagrangian to by invariant also under local transformations. The way to achieve
this is the introduction of extra �elds with such transformation properties that the above term is canceled.
We call the �elds A′

l and the Lagrangian is now L(ui, ∂µui, A′
l). If one performs the variation of this Lagrange

function and imposes the invariance of it under local transformations one gets the equations of motion and
the transformation properties of the gauge �eld and observes that it can be absorbed in the derivative and
hence �covariantise� it. The kinetic term of the gauge �eld has to be also added to the Lagrangian so that
we have:

L = L(Dµui, ui) + L(Fµν)

The explicit calculation gives also:

Dµui = ∂µui − T kijujAkµ,
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Fmµν = ∂µA
m
ν − ∂νAmµ −

1

2
fklm

(
AkµA

l
ν −AkνAlµ

)
and

δAkµ = fklmA
m
µ εl(x) + ∂µεk(x)

with fklm the structure coe�cients of the group.
The invariance under local gauge transformations reads now as:

δL =
∂L
∂Akµ

δAk +
∂L

∂(∂µAkµ)
δ(∂νA

k
µ) +

∂L
∂ui

δui +
∂L

∂(∂µui)
δ(∂µui)

Again as above we use the equations of motion to rewrite this:

δL = ∂µ

(
∂L

∂(∂µAkν)
δAkν +

∂L
∂(∂µui)

δui

)
= 0

Inserting here the explicit form of the variations gives:

δL = ∂µ

(
∂L

∂(Dµui)
T kijuj + 2

∂L
∂Fmµν

fklmA
l
ν

)
εk+

+

[
∂L

∂(Dµui)
T kijuj + 2

∂L
∂Fmµν

fklmA
l
ν + 2∂ν

(
∂L
∂F kµν

)]
∂µεk(x)+

+

(
∂L
∂F kµν

+
∂L
∂F kνµ

)
∂µ∂νεk(x) = 0

Since εk and ∂µεk are arbitrary functions we have independent equations:

∂µ

(
∂L

∂(Dµui)
T kijuj + 2

∂L
∂Fmµν

fklmA
l
ν

)
= 0 (1)

and using:

∂ν

(
∂L
∂F kµν

)
=

1

2

∂L
∂Akµ

,

we get:

∂L
∂(Dµui)

T kijuj + 2
∂L
∂Fmµν

fklmA
l
ν +

∂L
∂Akµ

= 0. (2)

It is sensible to call Jµk = ∂L
∂Akµ

the current, since we expect the coupling L ∼ ...+AkµJ
µ
k + ... in the Lagrangian.

And so (2) gives us for Jµk :

Jµk = − ∂L
∂(Dµui)

T kijuj − 2
∂L
∂Fmµν

fklmA
l
ν

Note: In the case of the global symmetry we had the �rst term only and also without the �covariant�
derivative.

Equation (1) shows that this quantity we de�ned as current is conserved i.e.:

∂µJ
µ
k = 0 ∀k

We have proven that the invariance under a local symmetry gives rise to a more general form of the conserved
current.
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