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1 Introduction

• Since antiparticles were first predicted and observed, it has been clear that there
exist high degree of particle-antiparticle symmetry. This observation is a stark con-
tradiction to the phenomena of everyday and cosmological evidence, particularly our
universe consists of almost entirely matter with little primordial antimatter.

• The evidence of universe devoid of antimatter comes in different scale. Universe
consists of matter up to Hubble-scale.

• Quantitative estimate of relative abundance of baryonic matter and antimatter may
be obtained from standard cosmology.

• Primordial nucleosynthesis allows accurate predictions of cosmological abundances
of all light elements with only one input parameter, the baryon to entropy ratio:

η =
nb − nb̄

s
(1)

and η is measured to be 1.5× 10−10 < η < 7× 10−10

• While the success of standard cosmology is encouraging, there remains the question
of initial conditions. The values required for many parameters are extremely unnat-
ural in the sense that tiniest deviation will lead to a universe different from what we
observe.

• The generation of observed value of η in this context is refered to as baryogenesis.
Three necessary conditions for generation of baryonic asymmetry were identified and
known as the Sakharov criteria:

– Violation of baryon number symmetry

– Violation of C and CP

– Departure from thermal equilibrium

2 Vacuum structure of SU(2)

• Consider the Yang-Mills SU(2) gauge theory.

L = − 1
2g2

tr (FµνF
µν) (2)

• We demand that the boundary condition for pure Yang-Mills field is Fµν(x) → 0,
∀x ∈ S3
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• For some open connected neighbourhood of x, Aµ(x) is a pure gauge

Aµ(x) = (∂µU(x))U−1(x) (3)

A vacuum state can be represented by the matrix U(x) ∈ SU(2), ∀x ∈ S3. Since
SU(2) ∼= S3, U(x) can be considered as a map from 3-sphere to an element in SU(2)
with a suitable boundary condition.

• The vacuum state can be classified as Π3(S3) = Z. The degenerate vacuum state are
physically equivalent but topologically distinct. Topologically the vacuum state can
be divided into different homotopy classes, classified by integer winding number:

n(U) =
1

24π2

∮
dσµ εµνρσtr

[
(∂νU)U−1(∂ρU)U−1(∂σU)U−1

]
(4)

Note that this definition is group measure invariant.

• Generally one can assign the topological charge Q of configuration to a four dimen-
sion field configuration with finite Euclidean action.

Q = − 1
16π2

∫
d4x tr(FµνF̃

µν) (5)

= − 1
16π2

∫
d4x ∂µKµ (6)

with F̃µν = 1
2εµνρσF ρσ and Kµ defined as Kµ = −2εµνρσtr(Aν∂ρAσ + 2

3AνAρAσ).

• The Chern-Simon number is defined by

NCS = − 1
16π2

∫
d3xK0 (7)

= − 1
8π2

∫
d3x εijktr(Ai∂jAk +

2
3
AiAjAk) (8)

By doing a large gauge transformation, we see that NCS is changed by a unit of
winding number.

• Between 2 neighbouring vacuum state, there must be an energy barrier, since they
cannot be transformed into one another without passing through non-vacuum state.
Transition from one vacuum state to another can happen due to quantum tunneling.
In this sense NCS can be regarded as a parameter for different vacuum state.

Q(t) =
1

16π2

∫ t

0
dt

∫
d3x ∂µKµ (9)

= NCS(t)−NCS(0) (10)

Notice that Chern-Simon number is not gauge invariant, but the topological charge
is. The solution to this field configuration is called the instanton.
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3 Chiral anomaly and baryon/lepton number violation

• Consider the lagrangian for massless Dirac field, coupled to U(1) gauge field.

L = Ψ /DΨ− 1
4g2

FµνFµν (11)

This lagrangian is invariant under local U(1) gauge transformation. However, it is
also invariant under the axial U(1) transformation.

Ψ(x) → e−iαγ5Ψ(x) (12)

The associated axial current should be conserved according to Noether theorem. But
it has an anomalous divergence:

∂µjµ
A = − 1

16π2
tr(FµνF̃

µν) (13)

This chiral anomaly arises from the fact that the integral measure DΨDΨ is not
invariant under chiral transformation.

• If we couple the fermions to SU(2) gauge theory ala Standard Model, we would ob-
tain the anomalous divergence for baryonic and leptonic currents. B−L is conserved
in this case. Since ∆L = ∆B = Nf (NCS(tf ) − NCS(ti)), we expect a contribution
of 12 fermions lead by the SU(2) instanton for ∆NCS = 1.

• At zero temperature, B and L are violated respectively by the tunneling of instanton.
However, the tunneling rate is heavily surpressed, Γ(T = 0) ≈ e−2SE ≈ 10−170.

• By coupling the field theory to thermal bath, one can obtain a higher rate of anoma-
lous process through sphaleron. Note that as sphaleron conserves B − L, phase
transition at equilibrium will destroy any B + L should B − L was zero before the
phase transition, thus washing out all the baryon asymmetry.

• Sphaleron is a classical static solution of field configuration, which is a saddle point
in energy functional. The energy of sphaleron Esp is given as the infimum of the
maximum energies for loops in a non-contractible homotopy class H, and it possesses
topological charge of 1

2 .

• For temperature greater than the temperature of electroweak phase transition, the
rate of baryon number violating events can be very profound, and it has been given
as

ΓB+L

V
≈ α5

W T 4 ln(1/αW ) (14)

4 Relation between Baryon and Lepton Asymmetries

• In a weakly coupled plasma, one can assign a chemical potential µ to each of the
quark, lepton and Higgs fields. For a non-interacting gas of massless particles the
asymmetry in particle and antiparticle number densities is given by:

ni − n̄i =
gT 3

6

{
βµi +O((βµi)3) , fermions
2βµi +O((βµi)3) , bosons

(15)
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• The effective 12 fermions interaction induced by SU(2) instanton implies:
∑

i

(3µqi + µli) = 0 (16)

One has to take SU(3) QCD instanton process into account, which generate an
effective interaction between left-handed and right-handed quark.

∑

i

(2µqi − µui − µdi) = 0 (17)

• The third condition, valid at all temperatures, arises from requirement that the total
hypercharge of the plasma vanishes.

∑

i

(µqi + 2µui − µdi
− µli − µei +

2
Nf

µH) = 0 (18)

The Yukawa interactions, supplemented by gauge interactions, yield relations be-
tween chemical potentials of left-handed and right-handed fermions. We assume
equilibrium between different type of generations, µqi = µq, µli = µl.

µq − µH − µd = 0 , µq + µH − µu = 0 , µl − µH − µe = 0 (19)

• And finally using the relation of B and L we get:

B =
∑

i

(2µqi + µui + µdi) (20)

Li = 2µli + µei , L =
∑

i

Li (21)

Solving B and L under the constrains given above, one obtains

B =
8Nf + 4

22Nf + 13
(B − L) , L =

(
8Nf + 4

22Nf + 13
− 1

)
(B − L) (22)

The value of B−L at time tf , where Leptogenesis process is completed, determines
the value of the baryon asymmetry today.

B(t0) =
8Nf + 4

22Nf + 13
(B − L)(tf ) (23)

5 Recipe for Leptogenesis

• First one relies on a leptonic-violating process, such as adding a right-handed Ma-
jorana particle and letting it decay before the electroweak phase transition. In this
sense, we violate B − L.

• Washout of lepton asymmetry occurs. Unfortunately this unwanted process happens
and one needs to solve the Boltzmann equation to determine the decay and inverse
decay of right-handed neutrinos.

• Conversion of remaining lepton asymmetry to baryonic asymmetry due to sphaleron.
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6 Departure from Thermal Equilibrium

• I only discuss the scenario of out-of-equilibrium decay mechanism as the condition
for departure from thermal equilibrium.

• Consider the scenario when the decay rate ΓX of superheavy particle X at time they
become nonrelativistic is much smaller than the expansion rate of universe, then the
X particles cannot decay on the time scale of expansion and so they remain abundant
as photon for T ≤ MX . Therefore they populate the universe with an abundance
which is larger than the equilibrium one.

• This overabundance is the departure from thermal equilibrium needed to produce
a final nonvanishing baryon asymmetry when X undergoes B and CP− violating
decays.
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