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Processes in plasma formation
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Micro- and macroscopic physics

Particle simulation of plasmas
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For plasma with a large number of degrees of freedom, particle simulation using high-speed computers can
offer insights and information that supplement those gained by traditional experimental and theoretical ap-
proaches. The techmque follows the motion of a large assembly of charged particles in their se1f-consistent
electric and magnetic fields. %'ith proper diagnostics, these numerical experiments reveal such details as
distribution functions, linear and nonlinear behavior, stochastic and transport phenomena, and approach to
steady state. Such information can both guide and verify theoretical modeling of the physical processes
underlying complex phenomena. It can also be used in the interpretation of experiments.
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I. INTRODUCTION

Traditionally the investigation of the behavior of com-
plex physical systems has been carried out through the
application of two well-tested techniques, namely, the ex-
perimental techniques in which one disturbs the system in
some controlled manner and observes its behavior, and
the theoretical approach in which one uses analytical
mathematical techniques to determine the behavior con-
sistent with well-estab!ished physical!aws. In the case of
large-scale physical phenomena, one must often substitute
observations of naturally occurring behavior for well-
controlled experiments. The great advances in physics
have come through the combined application of these two
approaches. One asks questions of nature through experi-
rnents whose results test and extend our theoretical
knowledge. Notwithstanding the great power and
successes of this approach, there are a large number of
physical problems for which experiments are difficult or
impossible, and the simultaneous interaction of a large
number of degrees of freedom makes analytic theoretical
treatments impractical. Often, however, we believe we
understand what the fundamental laws that govern the
system are, but we are simply unable to work out their
consequences. Most of the rich variety of natural phe-
nomena that occur all around us are of this type. At the
other extreme, we may not be sure of the physical laws.
However, we may have proposed ones which we are un'-
able to test because of the complexity of the theory (de-
tailed evolution of cosmology, for example). Recently, a
powerful new method for both types of investigation has
become possible through the advent of modern high-speed
computers. This is the method of computer simulation or
computer modeling.
For computer simulation one constructs a numerical

model of the system or theory which one wishes to inves-
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”Proper treatment of systems where both the microscopic 
and macroscopic behavior are important will undoubtedly 
challenge simulation physicists for many years to come”

Not only multi-scale, but also different treatment of 
physical quantities (e.g. EM fields vs. photons),



Synchrotron emission

• In the strong acceleration regime, 
electrons emit large number of 
high energy photons (in high-Z 
targets, bremsstrahlung is a major 
contributor for moderate 
intensities).


• Typical frequency: 


• Making inclusion of synchrotron 
emission via direct solving of 
Maxwell’s equations impossible in 
PIC scheme. Cannot achieve good 
enough grid resolution. 

• Luckily the power spectra helps 
us. 

Simple runtime high energy photon emission for ultra relativistic laser-plasma

interaction in a PIC-code
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We model the emission of high energy photons due to relativistic particles in a plasma interacting
with a super-intense laser. This is done in a particle-in-cell code where the high frequency radiation
normally cannot be resolved, due to the unattainable demands it would place on the time and space
resolution. A simple expression for the synchrotron radiation spectra is used together with a Monte-
Carlo method for the emittance. We extend to previous work by accounting acceleration due to
arbitrary fields, considering the particles to be in instantaneous circular motion due to an e↵ective
magnetic field. Furthermore we implement noise reduction techniques and present estimations of
the validity of the method. Finally we perform a rigorous comparison to the mechanism of radiation
reaction, with the emitted energy very well in agreement with the radiation reaction loss.

I. INTRODUCTION

The evolution of laser systems has prompted an evolu-
tion in the modeling of laser-matter interactions, in par-
ticular ultra-intense laser-matter interactions. To a large
extent, such system have up to now behaved in a classi-
cal manner (with a few exceptions [1–3]), and they have
been successfully modelled using so called particle-in-cell
(PIC) schemes [4, 5]. However, with planned upgrades
of current laser systems, as well as new large-scale fa-
cilities [6–8], there is a need to push the modeling of
laser-matter systems even further. It is expected that
semi-classical and/or quantum electrodynamical (QED)
e↵ects could have a significant e↵ect on the interaction
between ultra-intense lasers and matter targets. Merg-
ing these semi-classical or QED e↵ects with the classical
codes presents a significant challenge, in particular since
(a) the classical and the quantum systems have di↵er-
ent mathematical setups, and (b) there are still scarce
experimental data to compare with. Thus, great care
has to be taken when modeling, e.g., the quantum ver-
sion of radiation reaction [9]. However, before the onset
of fully quantum behavior for these systems, there are
regimes where we can have significant emission of radia-
tion in terms of high frequency photons. Such emissions
can be interesting in their own right, but also constitutes
a testbed for e�cient computational models.

The traditional PIC scheme has been well suited for
the simulation of lasers interacting with a plasma. The
future high power laser regime will however have the ca-
pacity of producing ultra-relativistic particles radiating
with frequencies untenable to resolve on the PIC grid.

With the particles seen to be in instantaneous circu-
lar motion with the frequency !H they will emit high
frequency synchrotron radiation with a typical frequency
!c = 3

2!H�3 [10, 11]. The typical frequency !c is thus

⇤
Also at: Department of Applied Physics, Chalmers University of

Technology, SE–412 96 Göteborg, Sweden

growing quickly for relativistic particles with a large �-
factor. This occurs as the radiation reaction force on the
particles begin to be of importance, and the energy loss
of the particles due to this could be seen as an account
of the radiated energy leaking into the unresolvable part
of the spectrum.
Here we present a simple runtime algorithm for emit-

ting high frequency radiation in the form of particles. We
extend on previous work [12] by considering the particles
to be in instantaneous circular motion due to an e↵ective
magnetic field, thus accounting for acceleration from ar-
bitrary fields. This gives a simple and computationally
scalable method for emitting highly energetic photons in
a PIC simulation.

II. METHODOLOGY OF FIELD DESCRIPTION

The traditional PIC approach treats a plasma as an
ensemble of charged particles moving in an electromag-
netic (EM) field defined on a grid. The radiation from
these particles is accounted for via current densities de-
fined on the grid. In such way, using the equations of
motion for the particles and Maxwell’s equations for the
EM-field, we can describe the energy circulation between
the particles and the EM-field in a self-consistent system.
This approach, however, only takes into account the

radiation that is resolved by the grid. Radiation with
frequency above !grid = c/�x, where �x is the distance
between grid points and c is the light velocity, cannot be
resolved by the grid as the wave length then is smaller
than the sampling distance.
With the rise of laser intensity, the particles reach

higher and higher energies. This will extend the spectral
range of synchrotron emission, whose typical frequency
scales as [10]

!c =
3eHe↵

2mc
�2, (1)

where e and m are electron charge and mass, � is the
electron’s gamma factor, c is the speed of light, and He↵

Introduction
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Effects:

• friction   I > 1023 W/cm2

• discontinuity I > 1024 W/cm2

• non-perturbative effects I > 1025 W/cm2

• Classical backreation: I > 1023 W/cm2 
• Quantum backreaction: I > 1024 W/cm2
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FIG. 2. Spectra of coherent and incoherent emission obtained
with PIC simulations for the process of giant attosecond pulse
generation in the regime of relativistic electronic spring (see
[17] for details).

III. NUMERICAL MODEL

Within the traditional PIC framework, the classical
evolution and interplay of fields and particles has been
thoroughly studied, see [1] for reviews. Therefore we fo-
cus here on the novel channels and interactions that are
opened by laser fields of extreme intensity. We begin with
an outline of the numerical model. We then go through
which quantum processes are included in the PIC ap-
proach, which are neglected, and why, before describing
how the included processes are combined into reactions
involving many particles.

A. Implementing quantum interactions in classical
PIC

Classically, the time-evolution of an initial distribution
of particles and fields is determined by the appropriate
equations of motion. This is straightforwardly imple-
mented in the traditional PIC approach: particle trajec-
tories, for example, are determined and tracked as time
evolves in discrete steps.

That situation is di↵erent in the quantum theory. The
concept of a trajectory is neither clear nor necessarily use-
ful (defining a position operator in quantum mechanics is
a long-standing issue [18]). Some of the most commonly
studied objects in quantum field theory, and those which
are implemented in PIC codes, are scattering probabili-
ties, that is probabilities for a given asymptotic state (of
well separated particles) in the infinite past to evolve into
another asymptotic state in the infinite future [19, 20].
Only the initial and final states are specified, not the
intermediate dynamics.

The incorporation of scattering probabilities into PIC

schemes begins with the result, derived and described
in [21, 22], that a particle in a high-intensity field sees
that field, locally, as a constant, homogenous, plane wave
with orthogonal electric and magnetic fields of equal mag-
nitude – a “crossed” field. With this in mind, scattering
probabilities are added to PIC schemes as follows.

1. The probability of a chosen scattering process is
calculated assuming the presence of a constant
crossed field F

c

.

2. Such probabilities are infinite, but dividing out the
infinite interaction time gives a finite rate R.

3. R is assumed to give the local transition rate of the
considered process, i.e. that occurring at a certain
point and time xµ, and in an arbitrary background
field F , by replacing the constant field in R with
the value of F at the considered spacetime point,
i.e. R(F

c

) ! R(F (x)). In short, a locally constant
approximation is used.

4. After each time step �t these rates are combined
with a statistical event generator in order to decide
whether or not a given process occurs, and parti-
cles are then added or removed from the simula-
tion as appropriate. Between time steps, particles
are propagated forward on their classical trajecto-
ries (and fields develop according to their classical
equations of motion).

This model is not a numerical discretization of QED,
but rather of classical electrodynamics, into which quan-
tum e↵ects are added by hand. (Contrast with lattice
QCD [23, 24], which is a nonperturbative discretisation
of quantum chromodynamics from which one recovers,
in the limit of small lattice spacing, continuum QCD.)
As such the model must be tested against known ana-
lytic results in order to verify its validity – for recent
tests see [7, 25, 26]. We now describe which scattering
processes are included in the numerical model.

B. Included processes

The basic interaction vertex in QED connects one
(two) incoming to two (one) outgoing particles, real or
virtual. One photon and two fermions meet at each ver-
tex. A single vertex cannot describe a scattering pro-
cess between real particles in vacuum due to momentum
conservation. In the presence of a background (e.g. an
intense laser field) though, it can describe four distinct
processes. Two of these are included in the PIC model
and two are neglected, as we now describe.

1. Photon emission/Nonlinear Compton scattering

When a charged particle is accelerated by an external
field, it emits radiation. This fundamental and familiar

”Cartoon” based on analytical estimates. Simulation results from laser interaction 
with overdense target.



• Assuming photons emitted along 
direction of propagation: 


• Same as ultra-relativistic limit of 
the Landau-Lifshitz expression. 


• Postprocessing: cannot be 
executed in real time, no 
feedback.


• On-the-fly: neglect interference 
between time-steps. Only a small 
error in regime where radiation 
reaction important.

Synchrotron emission

• In the strong acceleration regime, 
electrons emit large number of 
high energy photons (in high-Z 
targets, bremsstrahlung is a major 
contributor for moderate 
intensities).


• Typical frequency: 


• Making inclusion of synchrotron 
emission via direct solving of 
Maxwell’s equations impossible in 
PIC scheme. 
enough grid resolution.

• Luckily the power spectra helps 
us.
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this. The frequency is a function of � so what do I learn
from this equation?

� =
2

3

~!s

mc2�
(5)

(the factor 2/3 can be attributed to the definition of the
typical photon energy). Thus, the values � ⌧ 1 corre-
spond to the classical case, whereas � & 1 indicates that
quantum corrections are essential.

As one can see from the above-mentioned expressions,
on the other hand the parameter � represents a measure
of transverse acceleration:

� = �
He↵

ES
, (6)

where ES = m2c3/e~ ' 1018 V/m is the Sauter-
Schwinger limit. The second simple meaning of � is ratio
of the e�cient magnetic field to ES in the rest frame of
the particle.

Note that the classical expression for the total intensity
of emission can be given via � parameter:

Icl =
2

3

e2m2c3

~2 �2. (7)

Assuming that the photons are emitted against the direc-
tion of propagation, we can determine the average force
originated from recoils due to emission of photons:

fclRR = �2

3

e2m2c

~2 �2v. (8)

As one can see this expression coincides with the dom-
inant (for ultra-relativistic case) term in the expression
for the radiation reaction force in the Landau-Lifshitz
form [7].

D. Discreteness of radiation losses

The obvious e↵ect of quantum nature is quantization of
emission and consequent discreteness of radiation losses.
This can be described via formalism of chaotically hap-
pening instant acts of photon emission, each of those
leads to the electron experience a recoil. We can define
typical time interval between acts of photon emission as
the ration of the typical photon energy ~!t to the total
radiation intensity I:

⌧t =
~!t

I
, (9)

and characterize the discreteness by the dimensionless
parameter

⇠ = 2⇡
⌧t
Tt

, (10)

where Tt is the typical time scale of the problem of our
interest. If ⌧t is small enough as compared with the time

scale of the problem (⇠ ⌧ 1), one can expect that dis-
creteness of radiation losses can be smoothed and fairly
well described by continuous force of radiation reaction.
In fact, as it is well known (but perhaps is counterin-
tuitive), the interval between photon emission is large
(⇠ � 1) for non-relativistic problem of an electron rota-
tion in a constant magnetic field B:

⇠ = 2⇡
~c
e2

3

2!B

⇣ c

v

⌘2 !B

2⇡
⇡ 200

c2

v2
, (11)

where v is the electron’s velocity and !B is the frequency
of rotation associated with both typical photon energy
(~!B) and typical time scale (2⇡/!B). Nevertheless the
e↵ect of discreteness can hardly a↵ect the classical re-
sults because the energy of photons is much less than the
electron’s energy (� ⌧ 1).
Using classical expressions for synchrotron emission,

we can demonstrate that in ultra-relativistic case with
increase of � the ⇠ parameter decreases:

⇠cl = 2⇡
~c
e2

9

4

mc

eB

!B

2⇡
⇡ 300��1. (12)

In the context of high intensity lasers-matter interac-
tion we can use laser period TL as a typical time scale,
and consider laser amplitude as a typical e↵ective mag-
netic field:

⌧t = 2⇡
~c
e2

9

4

mc

eH
⇡ ~c

e2
9

4

TL

2⇡
a�1 ⇡ 300TLa

�1, (13)

⇠cl ⇡ 300a�1. (14)

For the case of � � 1 we can use approximate expres-
sion for intensity of emission in quantum regime [44]:

Iq ⇡ 0.37
e2m2c3

~2 �2/3, (15)

and consider mc2�/2 as a typical photon energy:

⌧t ⇡ ⇡

0.37

~2
e2mc

���2/3. (16)

Assuming � ⇡ a, we can obtain

⇠q ⇡ 200

✓
�

�C
a

◆�1/3

(17)

where �C = 2⇡~/mc is the Compton wavelength, and �
is the laser wavelength.
Assuming � ⇡ a, we can estimate the � parameter in

the context of laser-matter interaction problems:

� ⇡ a�
!L~
mc2

⇡ a2
�C

�
. (18)

As we can see, in terms of quantum corrections to the
classical description, with increase of laser intensity we
have a competition of two counteracting e↵ects: the time
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leads to the electron experience a recoil. We can define
typical time interval between acts of photon emission as
the ration of the typical photon energy ~!t to the total
radiation intensity I:

⌧t =
~!t

I
, (9)

and characterize the discreteness by the dimensionless
parameter

⇠ = 2⇡
⌧t
Tt

, (10)

where Tt is the typical time scale of the problem of our
interest. If ⌧t is small enough as compared with the time

scale of the problem (⇠ ⌧ 1), one can expect that dis-
creteness of radiation losses can be smoothed and fairly
well described by continuous force of radiation reaction.
In fact, as it is well known (but perhaps is counterin-
tuitive), the interval between photon emission is large
(⇠ � 1) for non-relativistic problem of an electron rota-
tion in a constant magnetic field B:

⇠ = 2⇡
~c
e2

3

2!B

⇣ c

v

⌘2 !B

2⇡
⇡ 200

c2

v2
, (11)

where v is the electron’s velocity and !B is the frequency
of rotation associated with both typical photon energy
(~!B) and typical time scale (2⇡/!B). Nevertheless the
e↵ect of discreteness can hardly a↵ect the classical re-
sults because the energy of photons is much less than the
electron’s energy (� ⌧ 1).
Using classical expressions for synchrotron emission,

we can demonstrate that in ultra-relativistic case with
increase of � the ⇠ parameter decreases:

⇠cl = 2⇡
~c
e2

9

4

mc

eB

!B

2⇡
⇡ 300��1. (12)

In the context of high intensity lasers-matter interac-
tion we can use laser period TL as a typical time scale,
and consider laser amplitude as a typical e↵ective mag-
netic field:

⌧t = 2⇡
~c
e2

9

4

mc

eH
⇡ ~c

e2
9

4

TL

2⇡
a�1 ⇡ 300TLa

�1, (13)

⇠cl ⇡ 300a�1. (14)

For the case of � � 1 we can use approximate expres-
sion for intensity of emission in quantum regime [44]:

Iq ⇡ 0.37
e2m2c3

~2 �2/3, (15)

and consider mc2�/2 as a typical photon energy:

⌧t ⇡ ⇡

0.37

~2
e2mc

���2/3. (16)

Assuming � ⇡ a, we can obtain

⇠q ⇡ 200

✓
�

�C
a

◆�1/3

(17)

where �C = 2⇡~/mc is the Compton wavelength, and �
is the laser wavelength.
Assuming � ⇡ a, we can estimate the � parameter in

the context of laser-matter interaction problems:

� ⇡ a�
!L~
mc2

⇡ a2
�C

�
. (18)

As we can see, in terms of quantum corrections to the
classical description, with increase of laser intensity we
have a competition of two counteracting e↵ects: the time

!c =
3eHe↵

2mc
�2,



Radiation reaction

• PIC schemes: ideally fully self-consistent on the classical level. 


• Radiation reaction: inclusion because of finite grid size in PIC codes (see 
coherency and synchrotron peak).


• Interesting? Impurities may limit focal intensities in the future, as acceleration 
of stray charges gives significant release of high energy photons, thus 
possible laser depletion. Also possible applications (beam cooling etc.).


• Extensive literature on this topic, as well as many different implementations, 
see, e.g., 

Di Piazza, Lett. Math. Phys. 83, 305 (2008) 

Bell & Kirk, PRL 101, 200403 (2008) 

Di Piazza et al., PRL 105, 20403 (2010)

Bulanov et al., PoP 17, 063102 (2010)

Sokolov et al., PoP 18, 093109 (2011)  
Thomas et al., PRX 2, 041004 (2012) 

Di Piazza et al., RMP 84, 1177 (2012) 

Schlegel & Tikhonchuk, NJP 14, 073034 (2012)


Chen et al., PRSTAB 16, 030701 (2013) 

Mackenroth et al., PPCF 55, 124018 (2013)

Ilderton & Torgrimsson, PRD 88, 025021 (2013)

Ridgers et al., J. Comp. Phys. 260, 273 (2014)

Yoffe et al., NJP 17, 053025 (2015) 

Tamburini et al., PRE 89, 021201 (2014) 

etc…



Radiation reaction/friction

• Classical radiation reaction described using Lorentz-Abraham-Dirac (LAD) 
theory 


• or the perturbative expansion (lacking runaways etc.) due to Landau & Lifshitz 
(LL)


• Works in classical regime (i.e. current facilities) when 


• QED regime (i.e. next generation regime) when

mu̇µ = eFµ⌫u⌫ � 2

3

e2

4⇡
(uµü⌫ � u⌫ üµ)

u̇µ =
e

m
Fµ⌫u⌫ +

2

3

e2

4⇡

⇢
e

m2
Ḟµ⌫u⌫ +

e2

m3
Fµ↵F ⌫

↵ u⌫ � e2

m3
u↵F

↵⌫F �
⌫ u� u

µ

�

� ⌘
e~

p
(Fµ⌫u⌫)2

m2c4
⌧ 1, =) ~a0�! ⌧ mc

� ⇠ 1

(a0 = eE/!mc)

Burton & Noble, Contemporary Phys. 55, 110 (2014) 

u̇µ =
e

m
Fµ⌫u⌫ +

d2P

dt d��



• PIC schemes work with super particles 
where the charge to mass ratio is kept 
fixed for each species q/m. 

• This works because the acceleration 
due to the Lorentz force depends on q/
m.


• Not true for RR force. However 

Including classical radiation reaction in PIC codes
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Table 1: Radiation reaction contribution to the equations of motion: FL - Lorentz force; p, e, m - particle momentum, charge and mass, � -
relativistic factor; E,B - electromagnetic fields, c - speed of light, t - time.

Let us consider a macro particle that represents ↵
electrons. The charge of the macro particle is e

m

= ↵e,
and the mass is m

m

= ↵m

e

. For a single particle with the
same mass and charge as the macro particle, the radia-
tion reaction would be ↵ times stronger than in the case
of a single electron:

F

RD

F

L

/ (↵e)3

(↵m

e

)2 = ↵
e

3

m

2
e

(12)

and the trajectory of such particle would be di↵erent
than the trajectory of a single electron (Fig. 1 ). This re-
sult would be equivalent to assuming that ↵ electrons are
radiating coherently. As a consequence, the results of a
PIC simulation would be qualitatively di↵erent for dif-
ferent number of particles per cell or di↵erent cell sizes.
To obtain the correct dynamics of a macro-particle, it
is therefore essential to use the real charge and mass
to calculate the correct radiation reaction coe�cient for
a particular particle species. This approach yields the
same result regardless of the macro-particle weight.

3. Comparison of the models with standard radia-
tion mechanisms

To examine the physics captured by the di↵erent
models, we compare the dynamics of a single particle
with well known examples for which the particle trajec-
tory and radiated power are known.

We first consider synchrotron radiation, where a par-
ticle moves in a constant external magnetic field. Taking
only the Lorentz force into account, we expect the tra-
jectory to be a perfect circumference due to the v ⇥ B
term. When the particle has a very high initial mo-
mentum, and is moving in an intense magnetic field, it
radiates. The radiative energy loss over time is given
by [42]:

� d⇠

dt

=
2e

4
B

2

3m

4
c

7 (⇠2 � m

2
c

4), (13)

where ⇠ = �mc

2 is the total particle energy and B is
the magnetic field. If the particle is not relativistic, then
⇠ ⇡ mc

2 and the right-hand side of (13) is close to zero,
and therefore the energy loss is negligible. This is also

3
Vranic et al., arXiv:1502.02432



Radiation reaction: which model?

• There are a number of classical models in the literature (see also Vranic et al., 
arXiv:1502.02432).


• Start from QED, take the classical expansion to order  

A. Ilderton & G. Torgrimsson, PRD and PRB (2013)

Classical equations

Classically, to order e

2: LAD = LL = EFO, MP = H, and S.
Need finite time QED results. AI & Torgrimsson, PRD 2013

Hamiltonian picture, lightfront quantisation . . .

Radiation Reaction O e

2 O e

4

Abraham Lorentz Dirac (LAD) X ?
Landau Lifshitz (LL) X ?

Eliezer Ford O’Connell (EFO) X ?

O e

4 : distinguish between LAD, LL and EFO.
Note: same order as pair creation enters. . .

Classical equations

Classically, to order e

2: LAD = LL = EFO, MP = H, and S.
Need finite time QED results. AI & Torgrimsson, PRD 2013

Hamiltonian picture, lightfront quantisation . . .

Radiation Reaction O e

2 O e

4

Abraham Lorentz Dirac (LAD) X ?
Landau Lifshitz (LL) X ?

Eliezer Ford O’Connell (EFO) X ?

O e

4 : distinguish between LAD, LL and EFO.
Note: same order as pair creation enters. . .

To this order, we could (in principle) distinguish between LAD, LL, EFO

RR from QED

Time evolution of a one electron state:

 ; t T e

i
t

HF
e

RR from expectation value of electron momentum:

P

e
µ t  ; t P

e
µ  ; t

Krivitsky and Tsytovich (1991), Johnson and Hu PRD (2002), Higuchi and Martin PRD 2006,

Ilderton and Torgrimsson PRD (2013) and PLB (2013)

First diagrams contributing to radiation reaction:

Nonlinear Compton scattering, and one-loop self energy.



Radiation reaction: electron distribution
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Radiation reaction: radiation distribution
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K2/3(�̃)
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Z 1

�̃
dy K1/3(y)

�
, (5)

where K⌫ is the modified Bessel function, �� =

e
p

Fµ
⌫k0⌫/m2 for the emitted photon with momentum

k0µ, note that x = ��/(�e � ��), and �̃ = 2x/(3�e).
Although d�/d�� diverges at small �� , the total rate
of photon emission �, given by integrating (5) over all
�� 2 [0,�e], is finite. (This apparent softening of the
usual infra-red divergence in QED is explained in [33].)

In the QED simulations the electron is propagated
along a classical trajectory divided into discrete time
steps. After each step �t the code calls a statistical sub-
routine to calculate the probability of photon emission
and to correct the electron’s momentum. The routine
generates a uniform random number r 2 [0, 1] and, if the
condition r  ��t is satisfied, an emission is deemed
to occur (under the requirement ��t ⌧ 1). Note that
d�/d�� (and �) are time-dependent quantities, due to
the temporal variation of both the laser pulse and the
electron motion. If an emission event occurs, a second
uniform random number ⇣ 2 [0, 1] is generated and the
photon’s �� (and hence its frequency) is calculated as the
root of the sampling equation

⇣ = �(t)
�1

Z ��

0
d��

d�(t)

d��
. (6)

The photon momentum is then determined by �� to-
gether with the assumption that at high � the photon
is emitted in the direction of the electron’s motion, just
as in the classical method described above. Finally, the
momentum of the photon is subtracted from the momen-
tum of the electron, i.e. the electron is recoiled, imposing
the conservation law �e ! �e � �� [17]. The simula-
tion then proceeds by propagating the electron (via the
Lorentz equation) and the photon (on a linear trajectory)
to the next time step. In this way, multiple emissions
are described as sequential single photon emissions, as in
(5), occurring at discrete time intervals (for further in-
formation on the multi-photon calculation see Ref. [34]
and for discussions of double emissions Refs. [35, 36]).
This method has recently been tested against cases where
we can calculate the Compton spectra analytically and
found to perform extremely well [37].

Results:- We begin by considering an electron with
an initial �0 = 800 in a head on collision with a plane
wave laser of peak intensity a0 = 200, � = 0.8µm and
duration 30fs FWHM. The emission spectra, calculated
both classically and using the statistical QED routines,
are plotted in Fig. 3. It can be seen that, although for
these parameters there is little difference between the
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FIG. 3. Integrated frequency spectra (left panel) and angular
spectra (right panel) for the case of an electron with initial
�0 = 800 colliding with a laser of intensity a0 = 200, � =
0.8µm and duration 30fs. Blue line: classical. Red line: QED.
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FIG. 4. Density plot showing how the electron �-factor
changes with time (statistical distribution generated by
recording the paths of 500 QED electrons all with the same
initial condition �0 = 800). Parameters are a0 = 200,
� = 0.8µm and duration 30fs. The white line shows the �-
factor for a classical electron.

frequency spectra, the classical theory predicts a much
stronger signal at small angles than the QED theory.

To understand the reason for this discrepancy we must
consider how the electron energy changes with time. In
Fig. 4 we plot the �-factor of the classical electron (white
line). It can be seen that the particle rapidly loses en-
ergy as it approaches the pulse focus. This means that
the angular direction of the emitted radiation will be con-
tinuously changing as the ratio of the electron �-factor to
laser a0 changes with time (see Fig. 1). This broadening
of the angular range was first proposed in Ref. [38] as
a signature of classical RR effects. (We also note that
the rapid energy loss due to RR results in a natural re-
sistance to the high-energy high-intensity regime, and is
what prevents the use of lasers for distinguishing between
RR models, see e.g. [39].) Superimposed on the same
plot we also show how the electron �-factor changes in
the QED case. To generate this statistical density we ran
the code 500 times, using the same initial conditions for
each run. It can be seen clearly that the classical expres-

Harvey, Marklund & Wallin, arXiv:1507.06478 (2015)
Vranic, Martins, Vieira, Fonseca & Silva, PRL 113, 134801 
(2014)
Green & Harvey, PRL 112, 164801 (2014)
Neitz & Di Piazza, PRL 111, 054802 (2013)
Li, Hatsagortsyan & Keitel, PRL 113, 044801 (2014)
Harvey, Heinzl & Ilderton, PRA 79, 063407 (2009) 
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FIG. 5. Details of the setup for a more realistic example.
Top left panel: We consider a bunch of 1000 electrons ran-
domly distributed in transverse space according to a Gaussian
distribution of 5µm FWHM. Top right panel: initial energy
distribution of the electron bunch. Bottom panel: plot show-
ing the laser intensity (colorscale shows a0) together with the
electron bunch in the z � x plane.

sions overestimate the energy loss of the particle. The
reason for this can be understood from the fact that the
QED electron only emits at discrete times, allowing it to
penetrate deeper into the laser pulse before it loses energy
from an emission, whereas the classical electron is radi-
ating and losing energy continuously[40] [24, 34]. This
means that, as the classical particle propagates through
the pulse, its energy is going to be correspondingly lower
than its QED counterpart. From Fig. 1 we can see that
this means that the classical emissions will be at a cor-
respondingly smaller angle than in the QED case. This
is why the QED emission spectrum dies off at a bigger
angle than the classical spectrum.

Realistic Example:- To show that these results still
hold in an actual experiment we consider a more re-
alistic setup. Instead of a plane wave field we model
our laser pulse as a 30fs duration paraxial beam, of
wavelength � = 0.8µm, peak a0 = 250 (equivalent to
2.64⇥ 10

23W/cm2), focussed to a waist radius of 2.5µm.
This is typical of what will be achievable at the ELI fa-
cility [5]. We model our electron source as a beam of par-
ticles initially following a Gaussian distribution in trans-
verse space of 5µm FWHM. The particle energies average
500MeV, with a FWHM of 0.7MeV, following the distri-
bution shown in the top right panel of Fig. 5.

The resulting emission spectra of the bunch of 1000
electrons are shown in Fig. 6. Even though we are now us-
ing realistic, non-ideal parameters, the difference in angu-
lar spectra between the classical and QED models is still
clearly evident. The classical theory predicts a strong
radiation signal over the range ✓ ⇠ 10�50

�, whereas the
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FIG. 6. Emission spectrum for the realistic case (a0 = 250)
described in Fig. 5. The centre panel shows the radiation
intensity as a function of frequency and angle. This panel is
split into two, the top half showing the emissions for the QED
simulation and the bottom half the classical. The right hand
panel shows the total angular rate summed over all frequencies
(both classical and QED for all angles), and the bottom panel
the total frequency rate summed over all angles. Red lines:
QED. Blue lines: classical.

QED theory predicts only minimal radiation at these an-
gles. At the same time the integrated frequency spectra
are still very similar for these values.

Discussion:- Our analysis shows a significant differ-
ence in the angular emission spectra predicted by the
classical and QED theories. The intensities we have cho-
sen are only slightly higher than the current state-of-the-
art, and well within the parameters expected at the new
generation of facilities, such as ELI. For the regimes we
have considered we find �e ⇠ 0.2� 0.25, indicating that
this is an effect which becomes important before the onset
of more explicit QED processes, such as pair production
and runaway cascading. The difference in angular spec-
tra won’t be visible for all sets of parameter values. One
needs a large a0 in order that RR effects are significant
and, additionally, one needs for the electrons to become
reflected roughly in the middle of the pulse. If one has
a0 � �0 then the electrons will be reflected very early and
thus spend a significant amount of time co-propagating
with the pulse – a regime in which the dynamics will be
wholly classical. Also, if one has �0 � a0 the the elec-
trons will not be reflected and the angular broadening
due to RR will be small. Nevertheless, there is a broad
range of parameters where a0 and � are of same order of
magnitude and the effect will be significant.

The angular narrowing we have predicted is impor-
tant for two reasons. Firstly, it provides a clear signal of
strong field QED effects, distinct from classical RR, at
parameters that will soon be obtainable. Secondly, it is
an effect which will have to be taken into consideration
when planning applications of Compton scattering with



Extreme intensities: Anomalous Radiative Trapping
• At high intensities, radiation reaction results in anomalous radiative 

trapping (A. Gonoskov et al., PRL 113, 014801 (2014)).


• Electrons trapped at peak electric field. 


• Strongly enhanced hard photon emission.


• Photons with energy > 3 GeV in cyan in animation.


• Pair production will also play a role.


• See also the talks by S.V. Bulanov and T. Grismayer! Electron density in e-dipole field

Fedotov, Elkina, Gelfer, Narozhny & Ruhl, PRA 90, 053847 (2014)
Ji, Pukhov, Kostyukov, Shen & Akli, PRL 112, 145003 (2014) 



Multi-photon processes in intense fields

• Lowest order processes 

- Nonlinear Compton scattering


- Pair production


- Pair annihilation


- One photon absorption


• Higher order processes (no loop corrections) 

- Cascading


- Trident
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FIG. 3. Feynman diagrams for the two basic processes ne-
glected in the PIC approach: pair annihilation to one photon
(left) and single photon absorption (right). Time flows from
left to right.

1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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FIG. 4. Pair production from a seed electron. The interme-
diate photon may be real or virtual.

of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.
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reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
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of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.

Multi-photon emissions: in high intensity fields (a >> 1), 
multi-photon emission factorized into several single 
photon events. Captured via synchrotron models. 
For high energy electrons at low intensity (a ~ 1) 
significant low-frequency contribution from off-shell 
channels. (Seipt & Kämpfer, PRD 85, 1019701 (2012); 
Mackenroth & Di Piazza, PRL 110, 070402 (2013))

See also: Hu et al., PRL 105, 080401 (2010); 
Ilderton, PRL 106, 020404 (2011); 
King & Ruhl, PRD 88, 013005 (2013)



Nonlinear Compton scattering and pair production

• Nonlinear Compton scattering: 

- No energy or intensity threshold for channel.


- Low energy limit: matches spectrum from classical particle with Lorentz force.


- Classical limit of electron recoil: radiation reaction.


• Stimulated pair production: 

- Threshold process: probability vanishes in low energy/classical limit.


- For highly relativistic intensities, the process of pair production takes very small energy from laser as 
compared to the acceleration of the produced pairs. 


- Thus, the number of pairs needs to be prolific before taking significant energy from laser pulse. 
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Pair annihiliation and one photon absorption

• Pair annihilation to one photon: 

- Suppressed by infinite volume factor as compared to the crossing symmetry diagrams above.


- Energy-momentum conservation —> single four-momentum of photon. final phase space 
collapses to single point.


- Ultra-relativistic particles: fine-tuning with pair collision angle ≤         .


- Of importance for approach to equilibrium, or very dense systems. 

• One photon absorption: 

- Suppressed as above.
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1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.

2. One photon absorption

While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.

D. Higher order processes

‘Higher order processes’ are those which are described
by diagrams containing more than one of the basic ver-
texes shown above, as dictated by the Feynman rules in
QED. There are subtleties in the PIC implementation
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of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]

1
It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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1. Pair annihilation to one photon

The annihilation of an electron-positron pair into two
photons is an elementary and well-understood process in
QED [29]. The presence of the laser background opens
a new channel, namely annihilation to a single photon,
see Fig. 3. Although related by crossing symmetry to
the processes above, one-photon annihilation can be ne-
glected, for the following reasons.

In the constant crossed field limit, the annihilation
rate is suppressed by an infinite volume factor compared
to the processes above [14, 15]. This is due to energy-
momentum conservation allowing at most a single possi-
ble four-momentum for the produced photon. In other
words, and unlike in the cases of nonlinear Compton scat-
tering and pair production, the phase space of the final
state is determined entirely by the kinematics of the in-
coming particles, and collapses to a single point. This
remains true even when the calculation is extended to
include finite pulse duration and time-dependent struc-
ture [30].

In order for the one-annihilation channel to open, then,
the kinematics of the incoming particles must be fine-
tuned so that precisely the correct point of phase space
is accessible. In the high intensity regime, with ultra-
relativistic particles, this only happens when the collision
angle ✓ between the colliding electron-positron pair obeys
✓  10�5rad [30]; it is this degree of fine-tuning which
makes the process negligible.
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While the emission of photons from an electron in a
laser field is essential to include, the absorption of (non-
laser) photons by the electron can be neglected. The
reasoning is the same as for pair annihilation above [16],
as can be seen from Fig. 3.
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of higher order quantum processes. To illustrate both
these and the functionality of the PIC codes it is sim-
plest to focus on a concrete example, and for this we
choose the important process of pair production from a
seed electron, the diagram for which is shown in Fig. 4.
s(See [31–36] for recent investigations of various higher
order processes.)

1. Trident pair production and cascading

A seed electron enters an EM-field, radiates a photon,
and this photon then produces a pair, see Fig. 4. In a
PIC simulation, a photon can be emitted via nonlinear
Compton (above) at one time step, propagate, and when
rates are calculated at the time next time step there is
a chance that this photon will produce a pair via stimu-
lated pair production (above). In this way we build up
higher-order process from the basic processes described
in Sect. III B.
At first sight, the PIC description seems to match

Fig. 4 but, in QED, the intermediate photon can be ei-
ther real or virtual (both alternatives being captured by
and included in Fig. 4) [37]. If follows that including
the full rate for this process in the same manner as the
basic processes above would imply a double counting, as
the full rate would already allow for the possibility that
a real photon is emitted, propagates, and then produces
a pair. A second problem is that there is no obvious
way to include the contribution of virtual photons in a
classical formalism which forces all constituents to be on
mass-shell1.
It has been found, though, that the contribution from

the virtual contribution is usually small in the param-
eter region of interest for high-power laser systems, in
comparison to the case of “nonlinear Compton ⌦ stim-
ulated pair production” [38, 39]. The argument is then
that the full process can be approximated by that part
which is mediated by real photons, i.e. that part which
can be constructed using just the two basic processes in
Sect. III B.
The decomposition of the full process into real and

virtual channels has recently been investigated in [33, 36]
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It is not enough to simply add the virtual contribution as a sepa-

rate instantaneous rate, as there is an interference term between

the real and virtual contributions.
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FIG. 6. Extension of the PIC approach for taking into ac-
count novel channels of energy transformation that could be
triggered by laser fields of extreme intensity.

3. Neglected higher order processes

As a consequence of the assumptions relevant to the
high intensity regime, some processes are neglected en-
tirely in the PIC simulations. Loop corrections, i.e. cor-
rections in higher powers of ↵n, are neglected [36].

Further, given only the two basic processes which are
included, there is no mechanism by which pairs can anni-
hilate. It is of course easy to imagine di↵erent scenarios
in which pair annihilation could be important. Two ex-
amples are i) a hohlraum in which we wish to establish
long-term equilibrium of the pair plasma, or ii) a very
high-density pair plasma where the annihilation rate is
of the same scale as the production rate.

D. Summary

Despite the common origin for all energy deposition in
Fig. 1, we will from here on use the word field to mean
coherent, low-frequency radiation which can be resolved
on the simulation grid, and the word photons to refer
to the incoherent, high-frequency radiation given by an
ensemble of photons. Using this notation in Fig. 6 we
show, schematically, three qualitatively di↵erent forms
of energy deposition [hmm] and the possible channels for
conversion of energy between them.

The solid lines indicate channels included in the PIC
code; these are photon emission and pair production, and
higher order processes such as cascades are built up from
repeated emission and production events. The dashed
lines indicate, for completeness, the processes which can
be neglected. (This is annihilation, absorption and the
negligible loss of energy in Sauter-Schwinger pair creation
discussed above.) [[The Feynman diagrams in the figure

aren’t drawn with standard notation, but we can fix this
later.]]
We remark that neither spin nor polarisation are in-

cluded in the code [[CHECK!]] – for an analysis of photon
polarisation e↵ects see [37].

IV. INCOHERENT EMISSION

The emission of classical radiation is well understood
as a part of the traditional PIC approach. [I think at least
a sentence is needed...] Thus we focus on accounting for
incoherent emission of individual photons from electrons
and positrons.

A. Problem of double counting

Accounting for the individual emissions of each photon
while simultaneously solving Maxwell’s equations implies
a double counting, as the current sources of the photons
is treated also as a source of coherent emission in the clas-
sical equations. [Check that please....]. However, Fig. 1
makes it evident, that the double counting is negligible in
terms of energy deposition and thus can hardly a↵ect the
macroscopic dynamics of laser-plasma interaction. [This
seems like an important point, but I’m finding it hard to
understand...] Indeed, the double counting occurs only
in the low-frequency part where the energy contribution
of the individual emission is smaller than the one of co-
herent emission by a factor of number of particles emit-
ting coherently. This number is very large for the typical
spectral range of energy deposition for coherent emission.

B. Properties of individual emission

As estimated above appears [equation reference], en-
ergy loss due to radiation impacts particle dynamics sig-
nificantly for field amplitudes a > 100, apart from some
specific cases [REFS]. If one is interested in the diagnos-
tics of emission at lower amplitudes one can, assuming
the emission does not a↵ect the process [????], use non-
modified [meaning?] numerical methods and obtain the
diagnostic from post processing, calculating the emission
integral [11] over the particles’ trajectories (see for exam-
ple [38]) or using statistical routines [39]. In this article
we primary focus on the case of the notable converse
e↵ect of emission, thus we assume ultra-relativistic dy-
namics � � 1, a � 1.
To determine emission that an electron produces dur-

ing one time step of PIC simulation we assume that the
electric and magnetic field vary insignificantly during this
interval of time. Next, we note, that in ultra-relativistic
case emission of a particle is predominantly defined by
the transverse acceleration (the longitudinal acceleration
has �2 times less contribution to the emission intensity,
see [7]). The emission is determined not by the EM-field

Gonoskov, Bastrakov, Efimenko, Ilderton, Marklund, Meyerov, Muraviev, Surmin & Wallin, PRE, to appear (2015) (arXiv:1412.6426) 

Note that prolific pair production requires particle merging 
in order to treat the exponential growth of pairs 
(see talk by T. Grismayer)



The nonlinear quantum vacuum

• Special relativity + Heisenberg’s uncertainty relation = virtual pair fluctuations.


• Photons can effectively interact via fluctuating electron-positron pairs.


• Astrophysical applications; laboratory tests of high field QED.


• Implemented numerically (Böhl et al., arXiv:1503.05192; P. Carneiro’s poster)

Atomic field

Atomic nucleus

Incoming photon

Outgoing photon

Magnetic field

Vacuum fluctuations

Marklund & Shukla, Rev. Mod. Phys. 78 (2006); Marklund, Nature Phot. 4 (2010)



Summary

1. Classical plasmas
MHD 
Gyrokinetics/Fokker-Planck 
Particle-in-cell

2. Semiclassical plasmas
Collisional processes. 
Ionization.

3. Relativistic plasmas
Fully relativistic plasmas 
Fully quantum mechanical single 
particle processes

4. QED plasmas

Many-body physics in 
strong fields

Energy and intensity

Complex computational problem: 

how to correctly capture many-body physics?


Difficult computational developments.

Necessary?



QED processes in PIC codes

• No trajectories. Instead, scattering probabilities.


1. Calculate the scattering probability in constant crossed fields for given 
event (Nikishov & Ritus, JETP 19, 529 + 1191(1964); Ritus, J. Sov. Laser 
Res. 6, 497 (1985)).


2. Divide by infinite interaction time to obtain finite rate.


3. Rate assumed to be local transition rate using locally constant field 
approximation.


4. After time step ∆t combine rate with statistical event generator, adding or 
removing particle species as appropriate.


