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1   Introduction	

Neutrino Flavor Mixing is different from the quark one ! 
However, theory could not predict two large mixing angles.	
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Yd = Ye and Yu = Yν are guaranteed except for the group theoretical Clebsch-Gordan

(CG) factors in each element, which depends on the GUT operators. The left-handed

Majorana neutrino mass matrix is not directly obtained from the up-quark Yukawa matrix

Yu since it is related with the Dirac neutrino mass matrix with the seesaw mechanism, and

we therefore have some freedom coming from the right-handed neutrino mass matrix MR.

The remarkable difference of the mixing angles between the CKM matrix and the PMNS

matrix is due to the flavor structure in the right-handed neutrino mass matrix MR.

Now, one can take [32, 33]

θe12 = θd12 , (3.1)

which leads to θ13 ≃ θC/
√
2. This relation was examined by the renormalization group

running [30], and then, it is justified to be a good approximation at low energies. Therefore,

we use it as the low energy relation in our work.

As well as the mixing angles, the phases of the Yukawa matrix elements are also related

with each other in both quark and lepton sectors. Since Yd = Ye and Yu = Yν except for CG

factors, we can discuss the relation of the Dirac phases between the quark and the lepton

sectors. In order to simplify the discussion, we take the real base for Yu and Yν , that is

δu12 = δν12 = 0 and δu23 = δν23 = 0. One can take this base in general as follows. Through

multiplying both side of eq. (2.12), eq. (2.13) and eq. (2.14) by the phase factors eiδ
u
23 ,

ei(δ
u
12
+δu

23
) and eiδ

u
12 , respectively, the phases eiδ

u
12 and eiδ

u
23 are removed in the up-quark

mixing, while the down-quark phases turn to δdij − δuij as seen in the right-hand sides. The

phases of the left-hand sides can be again redefined as δij . In the lepton sector, the same

discussion is available in eqs. (2.26), (2.27) and (2.28).

Due to Yd = Ye with the real Yu and Yν , we obtain

δe12 = δd12 . (3.2)

The neutrino flavor mixing is much different from the up-quark flavor mixing because of

the seesaw mechanism. If the right-handed neutrino mass matrix MR is real apart from

the Majorana phases in this base, Dirac phases do not appear in the neutrino mixing

matrix. The CP violating Dirac phases appear only in the charged lepton sector. A typical

example is the tri-bimaximal mixing, which is the real mixing with θν13 = 0 [42, 43]. Then,

the leptonic CP violating phase comes from the charged lepton sector as well as the non-

vanishing θν13.

Taking account of the phase redefinition, we rewrite eq. (3.2) as

δe12 − δν12 = δd12 − δu12 , (3.3)

which is the link of the CP violating phase between quarks and leptons. By using this

relation, we predict the CP violating phase of leptons, δPMNS.

3.2 Predicting CP violating in lepton sectors

Let us consider the case, in which the mixing angles and the phases of the quark and lepton

Yukawa matrices satisfy the relations in eqs. (3.1) and (3.3), respectively. Then, the δPMNS
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Is the CP violation of neutrinos is predictable ?	

 Talks of Mu-Chun Chen and Arsenii Titov 
 Another approch: Linking to Quark CP violation	
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2  Linking Leptonic CP violation 	
    to quark unitarity triangle	

Antusch, King, Malinsky, Spinrath, Phys. Rev. D81 (2010) 033008	

Assume Texture zero 

2.1 Quark mixing sum rules	
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Definitions	
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Three phases appear, but we can remove two phase  
 by multiplying the phase matrix in right-hand side.　　　　　　　　　　　　　　　　　　	

a

δij	



CKM mixing　is expressed in terms of  
the left-handed mixing angles and phases  
of up- and down-quarks. 

 up- and down-quark left-handed mixing	

        12 parameters	

CKM angles	
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Suppose vanishing left-handed (1-3) mixing 
in both up-quarks and down quarks. 

Θ13 L
u,d = 0 

is the unit matrix	



10 

CKM phase is expressed in terms of parameters 
of the up- down-quark mixing angles and phases. 

○	 ○	

○	

 Mixing sum rules	

Antusch, King, Malinsky, Spinrath, 	
Phys. Rev. D81 (2010) 033008	
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Unitarity Triangle 

δCKM 



Input:  Vus, Vub, Vcb, γ	 

α 

α	

β 
β	

JCP	

JCP	



Impose constraints of α, β, Jcp 



2.2 Lepton mixing sum rules	

Majorana Phase	



Assume	

with	



Dirac phase is given by the same relation 	
as in the quark sector	

Majorana Phases 



for quarks	

○	

○	

○	

Mixing sum rules	



 Let us consider the Pati-Salam symmetry SU(4)CxSU(2)LxSU(2)R	

3.3 Prediction of Leptonic CP violation	

=φ2(α)

Sum rules	



 × 

×	

×	

We can remove the phase from up-sector !	

In this framework, we can take real mixing for up quarks and neutrinos. 
 Phases appear only for down quarks and the charged leptons  
 except for Majorana phase.          Example: Tri-bimaximal mixing 



By using three conditions,	

 we can calculate 	



Prediction of	
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4  Summary	
   
 Leptonic CP violation can link to CKM phase  
 by the GUT relation: 
 	
 Predictions will be testable  
 by the precise data of  
 neutrino mixing angles, CP violating phase. 
 
      Is the CP violation detectable ? 
               Hyper-K ! 
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Thank you !	


