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Lecture 1: Particle Acceleration
• Stochastic vs non-stochastic mechanisms
• Acceleration at shocks
• The role of current sheets
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Energetic particles

• Non-thermal – not in thermodynamic equilibrium
with surroundings e.g., cosmic rays, relativistic
electrons in supernova remnants, AGN, jets. . .

• High energy, very low density, e.g., cosmic rays:
particle energy 1010 eV up to 1020 eV (≈ 16 J)
number density 10−10× interstellar medium.

• Interactions with background almost exclusively
via electromagnetic fields

• E = 0 in highly conducting astrophysical plasma
(acceleration problem)
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Cosmic Rays

Cosmic Ray Flux at Earth

Magnetic confinement?
Residence time ∼ 108 years,
crossing time ∼ 103 years.
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Non-stochastic acceleration

Examples
• Pulsar (E-field from rotating B-field)
• Shock drift acceleration (E-field from plasma

relative motion)
• Current sheets (E-field from effective resistivity)

Properties
• All particles get the same energy
• Energy limited by losses or finite spatial extent
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Stochastic acceleration

General case: acceleration events vs escape
If ∆E > 0 in every event ⇒ E(t)
Let P (p) be probability that a particle escapes with
momentum > p (p =

√

E2
− m2c4/c)

Acceleration ṗ = ap Escape rate b

P (p+ dp) = P (p) (1 − b dt)

Ṗ = −bP ⇒ dP

dp
= − bP

ap

P ∝ p−b/a

Power-law (scale-free) provided b/a independent of p – p.7/80



Fermi acceleration

• Assume acceleration is by many small events
|∆p| /p ∼ ε� 1

• If after averaging, 〈∆p〉 /p�
〈
∆p2

〉
/p2 → 1st order

Fermi
• if other way around, 2nd order Fermi
• in general, a Fokker-Planck equation results
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Homogeneous model

Adding an escape term (number of particles
dN = ndp):

∂n

∂t
=

∂

∂p

[

− 〈∆p〉
τ

n
︸ ︷︷ ︸

1st order

+
1

2

∂

∂p

(〈
∆p2

〉

τ
n

)

︸ ︷︷ ︸

2nd order

]

− n

τesc
︸︷︷︸

escape

If, without escape, equilibrium is possible,
n = exp (−cp/kBT ) is a stationary solution, so that

〈∆p〉
τ

=

(
c

kBT
+

∂

∂p

) 〈
∆p2

〉

2τ

(Compute diffusion, get friction for free!) – p.9/80



Turbulent acceleration

Scattering by heavy objects (e.g, MHD waves) implies
T → ∞ so, for p� kBT/c, a diffusion equation is found

∂n

∂t
=

∂

∂p
D
∂n

∂p
− n

τesc

No intrinsic power-law. Injected power-law maintained

and accelerated Kardashev 1962. More realistic tur-

bulence description → include friction term Petrosian &

Liu astro-ph/0401585

– p.10/80



Acceleration at shock
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u u´
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p′ = p
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1 +
µ∆u

v

)

p′′ = p′
(

1 − µ′∆u

v′

)

(∆u� c)

to first order in ∆u/v:
∆p

p
=

∆u

v

(
µ− µ′

)
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Diffusive shock acceleration

Average over isotropic distribution (prob. of crossing
proportional to relative speed |µv|):

〈∆p〉
p

=

∫ +1

0
dµ

∫ 0

−1
dµ′|µµ′|∆p/p

/∫ +1

0
dµ

∫ 0

−1
dµ′|µµ′|

⇒ 〈∆p〉 /p = 4∆u/3v

Density n = 2πp2
∫ +1
−1 dµf

No. entering/sec = 2πp2

∫ +1

0
dµ(µv + u′)f = nv/4

No. leaving/sec = 2πp2

∫ +1

−1
dµ(µv + u′)f = nu′

⇒ Escape Prob. = 4u′/v
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DSA continued

In terms of the phase-space density

f(p) ∝ p−3−Pesc/〈∆p/p〉 ≡ p−s ,

s =
3u

∆u
=

3r

r − 1

where r is the compression ratio of the shock.

A strong shock in a gas with Cp/CV = 5/3, has r = 4,

and s = 4. – p.13/80



Equations

Upstream Downstream
x < 0 x > 0

u = u− u = u+

f → 0 as x→ −∞ f regular at x→ +∞

Mixed coordinates: t, x in shock frame, p, µ in plasma
frame

∂

∂µ

(

Dµµ
∂f

∂µ

)

− (u+ µ)
∂f

∂x
= 0

No momentum scale ⇒ f = g(µ, x)p−s
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Nonrelativistic (DSA) vs. Relativistic

pitch-angle diffusion ⇒
near-isotropy ⇒ spatial
diffusion

pitch-angle diffusion,
particles in narrow,
forward directed cone

solution of PDE in x, p
required

solution of PDE in µ, x, p
required

small escape probability,
small 〈∆p〉 /p per cycle

escape probability ∼ 0.5,
〈∆p〉 /p ∼ Γ2 for first cy-
cle, then ∼ 2

power-law of index
s = 3r/(r − 1), indepen-
dent of scattering law

Asymptotically, s = 4.23,
weakly dependent on
scattering law
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Analytic solution

Eigenfunction expansion
⇒ angular dependence:

exp
(

− 1+µs

1−µsu/c

)

(1 − µsu/c)
s

As Γ → ∞, s→ 4.23
Universal index?
Kirk et al ApJ 542, 235
(2000)

Relativistic gas

Relativistic gas

Strong shock

Strong shock
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Monte-Carlo

Comparison of MC/analytic
angular distributions

Achterberg et al
MNRAS 328, 393 (2001)
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The box model

Box model for diffusive shock acceleration – remove
spatial dependence:

∂n

∂t
+
∂Φ

∂x
+
∂Ψ

∂p
= Qinj

Space flux: Φ = un− (κ∂/∂x)n

Momentum flux: Ψ = [−(p/3)(du/dx) − αsynchp
2]n

Synchrotron losses: αsynch = (4σT/3m
2c2)(B2/8π)

u

0 x

−u

u+

n Define box boundaries at which the
diffusive flux is negligible and integrate
over the box. . .
Drury et al (1999) Kirk (2001)
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Two-zone model

In terms of the number of particles in the box N(p, t):

∂N

∂t
+

∂

∂p

[
p

tacc
− αsynchp

2

]

N +
N

tesc
= Qinj

where tacc = (s− 3)tesc. Combined with a cooling zone
particle density nc(p, x, t)

∂nc

∂t
+ u+

∂nc

∂x
− ∂

∂p
(αsynchp

2nc) =
N

tesc

A time-dependent analytic solution is available for
(almost) arbitrary energy dependence of tacc and tesc

Kardashev (1962), Ball & Kirk (1992), Kirk et al (1998)
– p.19/80



Synchrotron spectrum

Easy to model (time-dependent)
synchrotron spectra:

only four parameters, e.g.:

• acceleration timescale
tacc

• power law index s

• maximum emitted
frequency

• flux-level normalisation
1 10 100 1000

Extension to include SSC losses challenging. . . – p.20/80



Current sheets
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Magnetic pressure
balanced by hot
plasma in sheet.
Key question:
What controls the
dissipation rate?
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Sweet-Parker reconnection

Nonrelativistic, 2D picture
v ≈ vA/R

1/2

v ≈ vA

Plasma ejected at approximately Alfvén speed.

Dissipation rate controlled by boundary conditions (R)
– p.22/80



Resistive relativistic reconnection

Lyutikov & Uzdensky 2003
v ≈ cγA/R

1/2

γ ≈ γ2
A

Magnetization parameter σ = B2/(4πw) ≈ γ2
A � 1

Nonrelativistic inflow for σ � R.

Additional regimes with relativistic inflow possible. . . – p.23/80



Collisionless relativistic
reconnection

Relativistic PIC simulations Zenitani & Hoshino (2001)

Acceleration Region with E > B
Box model:

Escape rate eBz/γmc ⇒ d lnN/d ln γ = −2Bz/E ≈ −1

– p.24/80



Collisionless relativistic
reconnection

Relativistic PIC simulations Zenitani & Hoshino (2001)

Acceleration Region with E > B

Box model:

Escape rate eBz/γmc ⇒ d lnN/d ln γ = −2Bz/E ≈ −1
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Collisionless relativistic
reconnection

Relativistic PIC simulations Zenitani & Hoshino (2001)

Acceleration Region with E > B
Box model:

Escape rate eBz/γmc ⇒ d lnN/d ln γ = −2Bz/E ≈ −1
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Lecture 2

Lecture 2: Radiation Mechanisms

• Elements of astrophysical synchrotron theory
• Moving sources
• Inverse Compton scattering
• Synchrotron self-Compton emission
• The Compton Catastrophe
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General treatment - 1

• General formula for weakly damped waves
(Maxwell’s eqs. + linear response theory)

P (~k) = LimT→∞
4π

TR

∣
∣
∣~e ·~j(ω)

∣
∣
∣

2

E-M wave: R = 2, ~e transverse.

• Gyromagnetic radiation: ~j from helical motion in ~B
(speed v = βc, Lorentz factor γ, pitch angle θ).
• cyclotron (v � c),
• transrelativistic (!),
• synchrotron (γ sin θ)3 � 1.

– p.26/80



General treatment - 2

Emitted (radiated) power Ls.p. is Lorentz invariant

Ls.p. =
2e2

3m2c3

(
dpµ

dτ

dpµ

dτ

)

In a magnetic field

γ̇

γ
= − 2e2

3mc3
γβ2Ω2

L sin2 θ

= −2σTγβ
2

mc

B2

8π
sin2 θ

– p.27/80



Beaming etc.

arccos(µ)
Observer

Γ
ψ=

Doppler factor:

D =
1

Γ(1 − βµ)

ν = Dν ′

Lorentz scalar: Iν/ν3 = I ′ν′/ν ′
3 ⇒ Iν = D3I ′ν′

For Γ � 1, D strongly peaked around ψ = 0, width ∼ 1/Γ.

– p.28/80



Synchrotron radiation

Characteristic frequency:
relativistic particles in magnetic fields

arccos(µ)
Observer

R

γ
ψ=

R = γmc2/eB⊥

∆t = R/(cγ)

∆tobs = ∆t/γ2

Characteristic frequency = γ2eB⊥/(mc)
– p.29/80



Restrictions

Restrictions:
• B⊥ constant over distance mc2/eB⊥, otherwise

jitter radiation
• High harmonic number s = (γ sinα)3 � 1, otherwise

Very Small Pitch Angle radiation (α: pitch angle)
• Classical regime B � Bcrit/Γ otherwise

Klein-Nishina-like corrections (Bcrit = 4.414× 1013 G)
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Approximations

Small parameters: two angles

• Pitch angle: for a smooth distribution of particles
dN/dΩdγ integrate single particle emission over all
directions and use

dL

dΩdν
=

∫

dγ
dLs.p.

dν
︸ ︷︷ ︸

kernel: function of γ, ν, θ

dN

dΩdγ

essentially an expansion in (dN/dµ) / (γN)

• Gyrophase: convert sum over harmonics to an
integral and replace Bessel functions using Airy
integral approximation (asymptotic expansion in
1/s)
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Single particle emission - 1

dLs.p.

dν
=

√
3
e2

~c
~ΩL sin θ F (ν/νc)

νc(γ, θ) =
3ΩL sin θγ2

4π

= ν0γ
2 [ν0 = 3ΩL sin θ/(4π)]

F (x) = x

∫ ∞

x
dtK5/3(t)

– p.32/80



Single particle emission - 2

F (x) ≈ 4π√
3Γ (1/3)

(x

2

)1/3

(x� 1)

∼
√
xπ

2
exp(−x)

(x→ ∞)

– p.33/80



Single particle emission - 3

Maximum:
x = 0.29
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Emissivity power-law distribution

An important special case is

dN

d3rdΩdγ
=

C

4π
γ−q for γ1 < γ < γ2

Then (in the optically thin case)

Pν =
dL

dΩdν
= V jν = V

∫ ∞

0
dγ

dLs.p.

dν

dN

d3rdΩdγ

= C V
e2

~c
~ΩL sin θ

(
ν

ν0

) (1 − q)/2
A1(q) for q > 1/3

provided that γ2
1 � ν/ν0 � γ2

2
– p.35/80



The functions A1,2,3,4

Angle average:
j → 〈j〉 etc.
in formulae:
sin θ → 1
ν0 → ν̄0 = 3ΩL/(4π)

A1(q): emission

A2(q): 〈emission〉
A3(q): absorption

A4(q): 〈absorption〉
– p.36/80



Synchrotron absorption

Transport equation:

dIν
ds

= jν − ανIν

Classical mechanism ⇒ Absorption≈ stim. emission.

αν =
−1

2mν2

∫

dγ
dLs.p.

dν
γ2 d

dγ

(
1

γ2

dN

d3rdΩdγ

)

(unpolarised radiation). For a power-law distribution

αν =
2παfC

sin θ

(
c

ΩL

)2 (
~ΩL

mc2

) (
ν

ν0

) −(q + 4)/2
A3(q) – p.37/80



Synchrotron spectrum - 1

Optically thin: Iν = Ljν ∝ ν(1−q)/2

Optically thick: Iν = jν/αν ∝ ν5/2

Transition at ανR = 1 ⇒ νt ∝ R−2/(q+4)B(q+2)/(q+4)

Given radiation at ν from electrons of γ =
√

ν/ν0

the brightness temperature kBTB(ν) = c2Iν/(2ν
2) is

kBTB(ν) ≈ mc2
√

ν/ν0 ≈ γmc2

in optically thick part of spectrum.

– p.38/80



Synchrotron spectrum - 2

Energy density in radiation field near surface:

Urad =

∫
dΩdν

c
Iν ≈ 2π

c

∫

dνIν

For q < 3, dominant contribution from near the upper
cut-off in optically thin region:

Urad ≈ 4πν3
t kBTmax

c3

∫ ν0γ
2

2/νt

1
dxx(1−q)/2

≈ 18
ν2e

2

mc3

(
kBTmax

mc2

)5 (
B2

8π

)

for q = 1
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Minimum energy - 1

Problem: given volume V and Pν = P1 (ν/ν1)
−α

for ν1 < ν < ν2 (V , P1, ν1,2, α observed quantities), what
is the miminum energy requirement in the source?
Variables: C, B; ναPν = να

1 P1 = CV (e2/~c)~ΩLν̄0
αA2

Minimize

E = V
B2

8π
︸ ︷︷ ︸

magnetic

+ (1 + k)
︸ ︷︷ ︸

dark particles

V C

∫ γ2

γ1

dγ γmc2γ−2α−1

︸ ︷︷ ︸

electrons

= V
B2

8π
+

(1 + k)mc2

2
V Cν̄0

(2α−1)/2

∫ ν2

ν1

dν ν−(2α+1)/2

– p.40/80



Minimum energy - 2

E = V
B2

8π
+ b(1 + k)B−3/2

with

b = P1ν
1/2
1

[√
π

3

m5/2c9/2

e7/2

]
∫ ν2/ν1

1
dxx−(2α+1)/2

At minimum, B = [6πb(1 + k)/V ]2/7 and

Emin =
7

4 (6π)3/7
(1 + k)4/7V 3/7b4/7

Min. Pressure = Emin/V ∝ (P1/V )4/7
– p.41/80



Moving sources - 1

Remember,

ν = Dν ′
γ = Dγ′

Invariance of phase space density:

dN

d3rdΩdγ
= D2 dN

d3r′dΩ′dγ′

and of emitted power:

Ls.p. = L′
s.p.

– p.42/80



Moving sources - 2

Basic formula:

Pν =

∫

d3
r

∫ ∞

0
dγ

dLs.p.

dν

dN

d3rdΩdγ

If limits on r integration are time-dependent:
∫

source
d3

r =

∫

d3
r

∫

dt δ (t− r · n̂/c)

= D
∫

source
d3

r
′

and V = D V ′ is an effective volume. In this case:

Pν = D3P ′
ν′ – p.43/80



Moving sources - 3

To find the minimum energy magnetic field, need
transformation rules for b and V ′:

b ∝ P1ν
1/2
1

= D7/2b′

Estimates of the source volume:
• From angular extent: V ′ = (DAδθ)

3 ⇒ V = V ′, and
B′

min = Bmin/D

• From a variability timescale: V ′ = (Dctvar)
3 ⇒

V = V ′/D3 and B′
min = Bmin/D13/7

– p.44/80



Compton scattering

Thomson scattering, electron at rest

� �
�

�

�
�

dσ/dΩ = 3σT(1 + cos2 θ)/(16π)

ν ′ = ν/
[
1 + (hν/mc2)(1 − cos θ)

]

≈ ν, for hν � mc2

– p.45/80



Inverse Compton scattering - 1

Thomson scattering, relativistic electron

��� �
�

��� � �
	


� � 


�� � ��� � �

���

��� � � ��
��� �

ν̄ = νγ (1 + v cos θ/c)
ν̄ ′ = ν̄
ν ′ = γν̄ ′

(
1 + v cos θ̄′/c

)

��� �
�

�� � !

" # $
% &

' &
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Inverse Compton scattering - 2

Emitted frequency (after angle average):

ν ′ = 4γ2ν/3

Forward beaming:

cos θ′ =
(
cos θ̄′ − v/c

)
/
(
1 − v cos θ̄′/c

)

≈ −1 − 1/
[
γ2

(
1 − cos θ̄′

)]

Cooling rate (isotropic targets):

−γ̇
γ

=
4

3

σT

mc
× target energy density × β2γ

Close analogy with synchrotron radiation. . . – p.47/80



Klein-Nishina regime

For hν̄ ∼ mc2 in electron rest frame (γhν ∼ mc2) recoil
important.

⇒ Maximum photon energy ≈ γmc2

⇒ Cross-section reduced

⇒ Pair-production threshold exceeded

(For γ + γ → e+ + e− require ν ′ν > m2c4/h2.)

– p.48/80



Single particle emissivity - 1

For relativistic electrons (γ � 1) in inverse Compton
scattering (ν > νs) off isotropic target photons (spectral
energy density dUs/dνs) in the Thomson limit:

dLs.p.

dν
= 3σTc

∫

dνs
dUs

dνs

ν

νIC
f (ν/νIC)

νIC(γ) = 4γ2νs

f(x) =

{

2x ln x+ x+ 1 − 2x2 for x < 1

0 for x > 1

– p.49/80



Single particle emissivity - 2

Exact kinematics
⇒ f(x) = 0,
for x < 1/(4γ2).
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Emissivity power-law distribution

In the source frame,
∫

dr′
3

= V ′ and

dN

d3r′dΩ′dγ′
=

C

4π
γ′

−q
for γ1 < γ′ < γ2

Angular distribution of targets?
• Cosmic background radiation:

isotropic in galaxy frame
• Self-produced synchrotron photons:

isotropic in source frame

– p.51/80



IC off the CMB

In the galaxy frame
∫

dr3 → DV ′ and
(

dN

d3rdΩdγ

)

=
D2C

4π

( γ

D
)−q

Pν = DV ′

∫ ∞

0
dγ

dLs.p.

dν

dN

d3rdΩdγ

=
D3+qCV ′σTcUCMB

νCMB

(
ν

νCMB

) (1 − q)/2
AIC(α)

Provided 4νCMBγ
2
1 � ν � 4νCMBγ

2
2

[hνCMB = 3kBTCMB, UCMB = aT 4
CMB] – p.52/80



Synchrotron self-Compton (SSC)

Compute in the source frame, then use Pν = D3P ′
ν′

Geometry important for target density:

dUs

dνs
=

Pνs

〈Area〉 c

Simplest solution: set 〈Area〉 = V 2/3

Pν = D(5+q)/2C2 σTV
4/3 e

2

~c
~ΩL

(
ν

ν0

) (1 − q)/2
ln ΣG ASSC(q)

where ΣG is Gould’s Compton logarithm

[A&A 76, 306 (1979)]
– p.53/80



The functions AIC,SSC

The functions AIC(q)
and ASSC for inverse
Compton scattering
by a power-law dis-
tribution of electrons
off either a black body
distribution or self-
produced synchrotron
target photons

– p.54/80



Synchrotron self-Compton - 2

Frequency dependence of the Compton logarithm
electronsγ1 γ2

synchrotron photonsν0γ
2

1
ν0γ

2

2

SSC photons

ν0γ
4

1
ν0γ

4

2

ν0γ
2
1γ

2
2
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Synchrotron self-Compton - 2

Frequency dependence of the Compton logarithm
electronsγ1 γ2

synchrotron photonsν0γ
2

1
ν0γ

2

2

SSC photons

ν0γ
4

1
ν0γ

4

2

ν0γ
2
1γ

2
2
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Synchrotron self-Compton - 2

Frequency dependence of the Compton logarithm
electronsγ1 γ2

synchrotron photonsν0γ
2

1
ν0γ

2

2

SSC photons

ν0γ
4

1
ν0γ

4

2

ν0γ
2
1γ

2
2
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Synchrotron self-Compton - 2

Frequency dependence of the Compton logarithm
electronsγ1 γ2

synchrotron photonsν0γ
2

1
ν0γ

2

2

SSC photons

ν0γ
4

1
ν0γ

4

2

ν0γ
2
1γ

2
2
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Synchrotron self-Compton - 2

Frequency dependence of the Compton logarithm
electronsγ1 γ2

synchrotron photonsν0γ
2

1
ν0γ

2

2

SSC photons

ν0γ
4

1
ν0γ

4

2

ν0γ
2
1γ

2
2
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Compton logarithm

SSC spectrum for dynamic
range γ2/γ1 = 105

α = (q − 1)/2 = 0.7
Blue (“exact”):
numerical evaluation
Red: Gould’s approx.
Spectral break at
ν = γ2

1γ
2
2ν0 = 107.

– p.60/80



Compton Catastrophe - 1

LC

Ls
=

L/
(
R2c

)

UB
and L = LC + Ls

⇒L =
Ls

(1 − ζ)

where ζ =
(
Ls/R

2c
)
/UB. Catastrophe when ζ ≥ 1

for q = 1: ζ = 18
ν2e

2

mc3

(
kBTmax

mc2

)5

= 2.3
( ν2

100 GHz

) (
Tmax

1012K

)5

Kellermann & Pauliny-Toth, ApJ 155, L71 (1969)
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Compton Catastrophe - 2

Escape routes:

1. Softer synchrotron spectrum?
Weak dependence Tmax ∝ ν

1/5
2

2. Re-absorption of IC photons? Would need I ∝ ν2

for hν < γmc2

3. Klein-Nishina effects? No. of generations
≈ ln(mc2/hν2) (∼ 25 for ν2 ∼ 1 GHz)

4. Relativistic boosting? Unresolved source:
Tmax ∝ D−3, resolved source Tmax ∝ D−1.

– p.62/80



Lecture 3

Lecture 3: Spectral Modelling

• Intergalactic absorption
• Breaks/cut-offs
• One and two-zone models for gamma-ray blazars

– p.63/80



Intergalactic absorption

Optical depth of an isotropic photon field:

τ = 2π

∫

dr R

∫ ∞

0
dεsn(εs)

∫ π

0
dψ sinψ(1 + cosψ)σγγ(ε′)

εs = hνs/mc
2, n(εs) = (mc2/h)dN/dΩdν

Three integrations:

1. angle

2. redshift

3. target spectrum

– p.64/80
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Angle-averaged γ-γ cross-section

Pair production for isotropic
targets
cosh θ = Lorentz factor of
produced e±

(in COM frame)
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Intergalactic absorption

Optical depth of an isotropic photon field:
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Redshift-averaged γ-γ cross-section

Pair production off non-
evolving radiation field
“Consensus” cosmology.
z = 0.1 (red) and
z = 5 (blue)
cosh θ = Lorentz factor
of produced e± (in COM
frame)
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Intergalactic absorption

Optical depth of an isotropic photon field:

τ = 2π
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Target spectrum

Diffuse infra-red
background measurements
and models
together with
averaged γ-γ cross-section
for z = 0.031 (Mkn 501)
at
hν = 1, 5, 10 TeV
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Mkn 501

1 10 1 10

De-absorbed spectrum of Mkn 501 in 1997:
Interpolated DIBR (left)
Malkan & Stecker models (right)
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Cooling - 1

Power emitted by particles in range dγ:

dP = (−γ̇mc2)dN
dγ

dγ

⇒ dP

dγ
∝ γ2

︸︷︷︸

γ̇

γ−q

︸︷︷︸

dN/dγ

(dN/dγ = CV γ−q). Monochromatic approx. ν ∝ γ2:

dP

dν
∝ ν(1−q)/2 ≡ ν−α

Assumes dN/dγ not changed by the energy lost in

radiation — applies when t� tcool.
– p.71/80



Cooling - 2

If cooling important, specify not n(γ) ≡ dN/dγ, but Q(γ)
(rate of injection). Continuity eq. in phase space:

∂n

∂t
+

∂

∂γ
(γ̇n) = Q(γ)

Stationary solution depends on particles injected at
higher energy:

n(γ) =
1

−γ̇

∫ ∞

γ
dγ′Q(γ′)

⇒ steepened or cooled spectrum: Q ∝ γ−q, n ∝ γ−q−1

⇒ dP/dν ∝ ν−q/2 – p.72/80



Spectral breaks

Power-law spectrum ⇐⇒ no preferred energy scale
E.g. for γ such that

tacc � tcool � tesc

or
tacc � tesc � tcool

Breaks/cut-offs occur at energies/frequencies where,
for example

tacc ≈ tcool

or
tcool ≈ tesc

Implies different dependence of timescales on γ
– p.73/80



One-zone models - 1

• Kinetic equations for photons and electrons
(and/or protons)

• Prescribed particle injection/escape
• Photon escape on crossing time
• Numerical sols. including all processes linear and

quadratic in particle/photon densities

Problems: tcool � tcross for X-ray-emitting electrons

Acceleration model?

– p.74/80



One-zone models - 2

Spectrum of Mkn 501 fit
to synchrotron emission
of a single homogeneous
source.
Mastichiadis & Kirk A&A 320, 19 (1997)

– p.75/80



Homogeneous SSC model - 1

Observables

1. IC peak ν27

2. Synch. peak ν18

3. Ratio IC/Synch η
4. Luminosity L46

5. Variability t3

– p.76/80



Homogeneous SSC model - 2

Parameters

1. γmax

2. B
3. Urad

4. Source size R
5. Doppler factor δ

Peak frequencies:

γmax = 3 × 106ν27δ
−1

B = 5 × 10−3ν18ν
−2
27 δ

Fluxes:

Urad = ηB2/8π

Urad =
4π

c

(
νIν
δ4

)

= 3.3 × 1035 L46

δ4R2

tvar ≈ R/(cδ) ⇒ δ ≈ 66 t
−1/4
3 η−1/8L

1/8
46 ν

−1/4
18 ν

1/2
27

– p.77/80



Homogeneous SSC model - 3
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Homogeneous SSC model - 3
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Two-zone models - 1

• Box model: kinetic equations for electrons in each
zone

• Numerical sols. include linear processes -
Compton cooling off external photons and
synchrotron radiation

Problem: inclusion of self-produced photons sensitive

to geometry

– p.79/80



Two-zone models - 2
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