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Lecture 1:
� Charged particle kinematics
� Nonstochastic acceleration

� Acceleration in uniform �elds
� Shock-drift acceleration

� Stochastic mechanisms
� Magnetic pumping
� Fokker-Planck description
� 1st and 2nd order Fermi processes
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Energetic particles

� Non-thermal – not in thermodynamic equilibrium
with surroundings e.g., cosmic rays, relativistic
electrons in supernova remnants, AGN, jets. . .

� High energy, very low density, e.g., cosmic rays:
particle energy 1010 eV up to 1020 eV (� 16J)
number density 10� 10� interstellar medium.

� Interactions with background almost exclusively
via electromagnetic �elds

� E = 0 in highly conducting astrophysical plasma
(acceleration problem)
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Cosmic Rays

Cosmic Ray Flux at Earth

Magnetic con�nement?
Residence time � 108 years,
crossing time � 103 years.
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Gamma-rays
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Minimalistic electrodynamics
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Minimalistic electrodynamics

Lorentz force:

d~p
dt

= q
�

~E +
1
c
~v ^ ~B

�
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Minimalistic electrodynamics

Lorentz force:

d~p
dt

= q
�

~E +
1
c
~v ^ ~B

�

Lorentz boosts: three key properties of E-M �elds

1. ~E � ~B is a Lorentz scalar

2. So is j ~E j2 � j ~B j2

3. The components of ~E and ~B parallel to the boost
direction remain unchanged.
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Kinematic implications I

Static, uniform �elds
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Lorentz force� ~B gives

dpz

dt
= constant

( ~B along ~z)

energy diverges

– p.7/56



Kinematic implications II

Static, uniform, crossed �elds
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Kinematic implications II

Static, uniform, crossed �elds

If ~E � ~B = 0 , and E < B ,
frame exists with ~E = 0
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Kinematic implications II

Static, uniform, crossed �elds

If ~E � ~B = 0 , and E < B ,
frame exists with ~E = 0

energy is constant

If ~E � ~B = 0 and E > B ,
frame exists with ~B = 0

energy diverges

If ~E � ~B = 0 and E = B ,
vacuum wave

energy also diverges
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Non-stochastic acceleration

Integration of particle orbits in prescribed ~E and ~B
�elds. e.g.,

� Pulsar (E-�eld from rotating B-�eld) ~E � ~B 6= 0

� Current sheets (E-�eld from effective resistivity)
~B = 0 on neutral line

Properties
� Given initial conditions, �nal energy determined
� Energy limited by losses or �nite spatial extent
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Current sheets

0

0 2 � 4 �

r =r

L

� 2 � N

B

j

Magnetic pressure
balanced by hot
plasma in sheet.
Key question:
What controls the
dissipation rate?
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Sweet-Parker reconnection

Nonrelativistic, 2D picture
v � vA=R1=2

v � vA

Plasma ejected at approximately Alfvén speed.

Dissipation rate controlled by boundary conditions (R)
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Shock-drift mechanism I

Motion in a nonuniform, unidirectional (along ~̂z) B �eld,
with ~E = 0 :

R =
c�

! sin�

R: Radius of curvature
� = v=c: (constant)
! = eB=mc: gyro frequency
� = cos (pz=p): pitch angle (constant, since pz is
constant)
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Shock-drift mechanism I

Motion in a nonuniform, unidirectional (along ~̂z) B �eld,
with ~E = 0 :

R =
c�

! sin�

R: Radius of curvature
� = v=c: (constant)
! = eB=mc: gyro frequency
� = cos (pz=p): pitch angle (constant, since pz is
constant)

R larger where B weaker
Grad-B drift: perp. to ~B and to r B
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Shock drift II

Perpendicular shock: ~E = � E~̂z = constant; ~B = B � ~y;
B+ = rB � > E > 0; v� = E~x=B� , ~E ^ ~B “drift”
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Shock drift II

Perpendicular shock: ~E = � E~̂z = constant; ~B = B � ~y;
B+ = rB � > E > 0; v� = E~x=B� , ~E ^ ~B “drift”
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Approx. conservation of p?
2=B

Oblique shock:
transmission and re�ection
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Magnetic pumping

Let ~B = B(t)~̂z (e.g., very long wavelength
(compressional) magnetosonic wave)

_p?

p?
=

_B
2B

_pz = 0

The distribution function satis�es Liouville's eq:

@f
@t

+ _p?
@f
@p?

+ _pz
@f
@pz

= 0

so that

@f
@t

+
_B

2B
p?

@f
@p?

= 0
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Magnetic pumping

The pressure is

P =
Z

d3p
E

p2f

Specialising to f / � (pz), and relativistic particles

) PB � 3=2 = constant

Adiabat for 4 degrees of freedom

(B / density)
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Magnetic pumping

In spherical polars:

_p
p

=
(1 � � 2)

2

_B
B

_�
�

= �
(1 � � 2)

2

_B
B

So that Liouville's eq. is

@f
@t

+
_B

2B
(1 � � 2)

�
p

@f
@p

� �
@f
@�

�
= 0

Introducing strong isotropization:

) PB � 4=3 = constant

Adiabat for 6 degrees of freedom
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Magnetic pumping

Adiabats for no scattering and isotropization

V (= 1/B)

P
B

t
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Magnetic pumping

Adiabats for no scattering and isotropization

V (= 1/B)

P
B

t

Irreversibility ) acceleration

(details: Saas Fee lectures)
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Fokker-Planck approach

Stochastic interactions with � p=p� 1.
Evolution of an isotropic distribution on timescale long
compared to that between individual interactions:

df
dt

=
1
p2

@
@p

�
� Fp2f +

@
@p

�
Dp2f

�
�

dynamical friction: F =
h� pi
� t

diffusion: D =



(� p)2

�

2� t
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Fokker-Planck approach

Stochastic interactions with � p=p� 1.
Evolution of an isotropic distribution on timescale long
compared to that between individual interactions:

df
dt

=
1
p2

@
@p

�
� Fp2f +

@
@p

�
Dp2f

�
�

dynamical friction: F =
h� pi
� t

diffusion: D =



(� p)2

�

2� t

Computation of F and D :

turbulent waves two-body collisions
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Fermi acceleration

Two-body collisions:

~p+ ~P = ~p0+ ~P0

p
p2 + m2 +

p
P2 + M 2 =

q
p02 + m2 +

p
P02 + M 2

For non-relativistic targets, and jp0� pj � p

p0� p
p

� �

p
p2 + m2

p2M

h
~P � ~� p + second-order terms

i

�
V
v

� 1
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Fermi acceleration

Two-body collisions:

~p+ ~P = ~p0+ ~P0

p
p2 + m2 +

p
P2 + M 2 =

q
p02 + m2 +

p
P02 + M 2

For non-relativistic targets, and jp0� pj � p

p0� p
p

� �

p
p2 + m2

p2M

h
~P � ~� p + second-order terms

i

�
V
v

� 1

Head-on collisions ) energy gain
Tail-on collisions ) energy loss
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Fermi I and II

Fokker-Planck coef�cients:
0

@
hp0� pi

p� t
h(p0� p)2i

p2 � t

1

A =
Z

d3pf T ( ~P)
Z

d
 0d�
d
 0vrel

0

@
V
v

~̂P � ~̂� p
� V

v

� 2
�

~̂P � ~̂� p
� 2

1

A

(~̂P = ~P=P, ~̂� p = ~� p=p.)
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Fermi I and II

Fokker-Planck coef�cients:
0

@
hp0� pi

p� t
h(p0� p)2i

p2 � t

1

A =
Z

d3pf T ( ~P)
Z

d
 0d�
d
 0vrel

0

@
V
v

~̂P � ~̂� p
� V

v

� 2
�

~̂P � ~̂� p
� 2

1

A

(~̂P = ~P=P, ~̂� p = ~� p=p.)
If head-on and tail-on collisions equally probable (to
lowest order in jp0� pj=p) then F � (p0� p)2=p2 � D
) second order Fermi process
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Fermi I and II

Fokker-Planck coef�cients:
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� V
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� 2
�

~̂P � ~̂� p
� 2

1

A

(~̂P = ~P=P, ~̂� p = ~� p=p.)
If head-on and tail-on collisions equally probable (to
lowest order in jp0� pj=p) then F � (p0� p)2=p2 � D
) second order Fermi process
Under special conditions (e.g., anisotropic f T )
F � j p0� pj=p

) �rst order Fermi process
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Lecture 2:
� Acceleration by turbulence

� Diffusion in energy
� MHD modes
� �Cerenkov and cyclotron resonances

� Particle transport
� Streaming instability
� Spatial diffusion
� Anomalous transport processes
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Fermi I and II

Fokker-Planck coef�cients:
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) second order Fermi process
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Diffusion in energy

Maxwellian targets, density nT , temperature T = MV 2
th :

D
(� p)2

E

p2� t
= 2nT

�V 2
th

v2

�
1 +

1
2

hcos� i
�
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Diffusion in energy

Maxwellian targets, density nT , temperature T = MV 2
th :

D
(� p)2

E

p2� t
= 2nT

�V 2
th

v2

�
1 +

1
2

hcos� i
�

Requiring the equilibrium solution f / e�
p

p2+ m2=T to
be stationary gives (specialising to relativistic
particles, v = 1 ):

F = � nT ��p 2=M + nT V 2
th

1
p2

@
@p

�
��p 4�

� = scattering angle
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Diffusion in energy

Maxwellian targets, density nT , temperature T = MV 2
th :

D
(� p)2

E

p2� t
= 2nT

�V 2
th

v2

�
1 +

1
2

hcos� i
�
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Diffusion in energy

Maxwellian targets, density nT , temperature T = MV 2
th :

D
(� p)2

E

p2� t
= 2nT

�V 2
th

v2

�
1 +

1
2

hcos� i
�

Requiring the equilibrium solution f / e�
p

p2+ m2=T to
be stationary gives (specialising to relativistic
particles, v = 1 ):

F = � nT ��p 2=M + nT V 2
th

1
p2

@
@p

�
��p 4�

second derivative of D cancels!

� = scattering angle

�� = � (1 + hcos� i )
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Diffusion in energy

df
dt

=
1
p2

@
@p

�
nT ��p 4

�
1

M
f + V 2

th
@f
@p

��
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Diffusion in energy

df
dt

=
1
p2

@
@p

�
nT ��p 4

�
1

M
f + V 2
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@f
@p

��recoil Doppler
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Diffusion in energy

df
dt

=
1
p2

@
@p

�
nT ��p 4

�
1

M
f + V 2

th
@f
@p

��

For heavy scatterers (T , M ! 1 , Vth �nite)

df
dt

=
1
p2

@
@p

�
p2D

@f
@p

�

recoil Doppler
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Diffusion in energy
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Diffusion equation

recoil Doppler
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Diffusion in energy
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For heavy scatterers (T , M ! 1 , Vth �nite)

df
dt

=
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@
@p

�
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�

Diffusion equation
Applies also to wave turbulence (~k � ~!=v , v � vphase)
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Diffusion in energy

df
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For heavy scatterers (T , M ! 1 , Vth �nite)

df
dt

=
1
p2

@
@p

�
p2D

@f
@p

�

Diffusion equation
Applies also to wave turbulence (~k � ~!=v , v � vphase)
For D / p2, continual energy input
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Diffusion in energy

df
dt

=
1
p2

@
@p

�
nT ��p 4

�
1

M
f + V 2

th
@f
@p

��

For heavy scatterers (T , M ! 1 , Vth �nite)

df
dt

=
1
p2

@
@p

�
p2D

@f
@p

�

Diffusion equation
Applies also to wave turbulence (~k � ~!=v , v � vphase)
For D / p2, continual energy input
Tends to stationary spectrum f / p� 3

recoil Doppler
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MHD wave modes

At low frequency, physics dictated by:

� plasma inertia

� plasma pressure

� magnetic pressure

� magnetic tension
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MHD wave modes

At low frequency, physics dictated by:

� plasma inertia

� plasma pressure

� magnetic pressure

� magnetic tension

sound wave

– p.25/56



MHD wave modes

At low frequency, physics dictated by:

� plasma inertia

� plasma pressure

� magnetic pressure

� magnetic tension

Alfvén wave
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MHD wave modes

At low frequency, physics dictated by:

� plasma inertia

� plasma pressure

� magnetic pressure

� magnetic tension

fast wave
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Resonance conditions

Effective interaction only when

! � kkvk + n
 = 0

n = � 1 cyclotron resonance n = 0 �Cerenkov res.

Alfvén wave: ! = kkvA
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Scattering

Alfvén wave: static in frame moving along ~B
at speed � vA .
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Scattering

Alfvén wave: static in frame moving along ~B
at speed � vA .

� For unidirectional waves, ) pitch-angle diffusion

� With both forward and backward waves, diffusion
also in p.
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Scattering

Alfvén wave: static in frame moving along ~B
at speed � vA .

� For unidirectional waves, ) pitch-angle diffusion

� With both forward and backward waves, diffusion
also in p.

Fast wave:

� For perpendicular propagation, reversible change
in p?

� For oblique propagation — re�ection off moving
magnetic compressions ) diffusion in pz
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Acceleration by turbulence

Model properties:

� Based on diffusion equation

� Spatial homogeneity assumed

� Isotropisation by Alfvén waves

� Energisation by fast wave or Alfvén waves or their
higher frequency manifestations (cyclotron,
whistler, etc.) dependent on particle species and
energy range

� Details in, for example, Achterberg, A& A 1981; Miller, Larosa &

Moore, ApJ 1996; Petrosian & Liu, ApJ, 2004

– p.28/56



Streaming instability

B
cos� 1�

Cosmic ray streaming instability, quasi-linear theory:

f (p; � ) = f 0(p) + �f 1(p)

= f 0(p)
�

1 +
3vs

v
�

�

streaming speed: vs �

R
d� �vf (p; � )
R

d�f (p; � )
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Streaming instability

Growth-rate for Alfvén waves at angle arccos(� ) to B
Power-law distribution,
f 0(p) = n> (p0)(s � 3)(p=p0)� s=(4�p 3

0)
(for p > p0 ):

r0
 (! )
c

=
3�
2

�
(s � 3)e2n> (p0)
s(s � 2)� 0p0=c

� � r0

c

� 2
�

� vA

c

� 2
�

!r 0

vA

� s� 3

�
�

vsj� j
vA �

�
s
3

�

gyro radius r0 = p0=eB
n> (p0) = density of particles with p > p0

Growth when streaming speed > Alfvén speed – p.30/56



Quasi-linear saturation

dW(!; t )
dt

= 
 (! )W(!; t )

df (p; �; t )
dt

=
@

@�
D ��

@f
@�

with pitch-angle scattering coef�cient:

D �� =
�e 2r0

4� 0p2cj� j
W(! = p0vA=pr0)

� Waves tend to isotropise the distribution
� No energy change to �rst order ( E � vAB )
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Diffusion approximation

f 1 � f 0 ) diffusion/advection equation for f 0:

@f
@t

+ ~V � r f �
1
3

�
r � ~V

�
p

@f
@p

�
@
@x

�
@f
@x

= sources and sinks

(Parker 1965; Skilling 1975)

with diffusion coef�cient:

� =
v2

8

Z +1

� 1
d�

�
1 � � 2

� 2

D ��
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Anomalous transport

The diffusion approximation assumes

� Uniform magnetic �eld with weak perturbations

� Uniform plasma density

� Linear relationship between particle �ux and
density gradient: Fick's law
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Anomalous transport

The diffusion approximation assumes

� Uniform magnetic �eld with weak perturbations

� Uniform plasma density

� Linear relationship between particle �ux and
density gradient: Fick's law

It describes a random walk:


� x2

�
/ t.

Are there other possibilities?
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Anomalous transport

x

z

Braided �eld lines

diffusion along B :


� z2

�
/ t

diffusion of �eld lines


� x2

�
/ � z

)


� x2

�
/

p
t sub-diffusion
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Anomalous transport

In terms of propagators,
Diffusion:

P(x; t ) =
1

p
4��t

exp
�
�

x2

4�t

�

Sub-diffusion:

Psub(x; t ) =
1

4�
p

� B � kt
Z + 1

�1
ds

1
p

jsj
exp

 

�
x2

4� B jsj
�

s2

4� kt

!
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Anomalous transport

Generalisation to


� x2

�
/ t � , 0 < � � 2 (Ragot & Kirk 1997)

Super-(sub-)diffusion: � > 1(< 1)

P(x; t ) =
1
�

� � D

t

� �= 2
�( � )

with

� =
p

2
jxj
�

� � D

t

� �= 2

�( � ) = C� � (1� � )=(2� � ) exp
h
� A� 2=(2� � )

i
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Anomalous transport

Sub-diffusive

� slower spreading

� minority of particles
spread rapidly

Super-diffusive

� Ballistic

� All particles behave
similarly

0 2 4 6 8

0

0.1

0.2

0.3

0.4

0.5
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Lecture 3:
� Diffusive shock acceleration

� Kinematic approach
� Diffusion/advection equation
� Nonlinear modi�cations

� Relativistic shocks
� Kinematics
� Particle spectra

– p.38/56



Stochastic acceleration

General case: acceleration events vs escape
If � E > 0 in every event ) E(t)
Let P(p) be probability that a particle escapes with
momentum > p (p =

p
E 2 � m2c4=c)

Acceleration _p = ap Escape rate b
P(p + dp) = P(p) (1 � b dt)

_P = � bP )
dP
dp

= �
bP
ap

P / p� b=a

Power-law (scale-free) provided b=aindependent of p – p.39/56



Acceleration at shock

arccos(µ)

p

p´

p´

p´´

Shock

Upstream Downstream

u u´

arccos(µ´)

p0 = p
�

1 +
� � V

v

�
p00= p0

�
1 �

� 0� V
v0

�
(� V � c)

to �rst order in � V=v:
� p
p

=
� V
v

�
� � � 0�

V1 V2

� V = V1 � V2

– p.40/56



Diffusive shock acceleration

Average over isotropic distribution (prob. of crossing
proportional to relative speed j�v j):

h� pi
p

=
Z +1

0
d�

Z 0

� 1
d� 0j�� 0j� p=p

� Z +1

0
d�

Z 0

� 1
d� 0j�� 0j

) h� pi =p= 4� V=3v

Density n = 2�p 2
R+1

� 1 d�f
No: entering=sec = 2�p 2

Z +1

0
d� (�v + V2)f = nv=4

No: leaving=sec = 2�p 2
Z +1

� 1
d� (�v + V2)f = nV2

) Escape Prob. = 4V2=v
– p.41/56



DSA continued

In terms of the phase-space density

f (p) / p� 3� Pesc=h� p=pi � p� s ;

s =
3u
� u

=
3r

r � 1

where r = V1=V2 is the compression ratio of the shock.

A strong shock in a gas with Cp=CV = 5=3, has r = 4 ,
and s = 4 .

– p.42/56



DSA - formal approach

Diffusion approximation f (p; � ) = f (0) (p) + f (1) (p; � )

@
@x

 

�
@f(0)

@x

!

� V
@f(0)

@x
= 0

(constant V = V1;2, unmodi�ed shock).
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DSA - formal approach

Diffusion approximation f (p; � ) = f (0) (p) + f (1) (p; � )

@
@x

 

�
@f(0)

@x

!

� V
@f(0)

@x
= 0

(constant V = V1;2, unmodi�ed shock). Gen. sol.

f (0)
1;2 = A1;2(p) + C1;2(p)exp

� Z x

0
dx0V1;2=� 1;2

�

Exponential decay upstream and growth downstream
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DSA - formal approach

Diffusion approximation f (p; � ) = f (0) (p) + f (1) (p; � )

@
@x

 

�
@f(0)

@x

!

� V
@f(0)

@x
= 0

(constant V = V1;2, unmodi�ed shock). Gen. sol.

f (0)
1;2 = A1;2(p) + C1;2(p)exp

� Z x

0
dx0V1;2=� 1;2

�

Exponential decay upstream and growth downstream
) C2 = 0

No diffusive �ux downstream f (1)
2 = 0
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DSA formal approach

Parallel shock (no change of ~p in shock frame)

p2 � p1 (1 + � V � 1=v1)
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DSA formal approach

Parallel shock (no change of ~p in shock frame)

p2 � p1 (1 + � V � 1=v1)

At shock front, Liouville's theorem gives

f 1(p1; � 1) = f 2(p2; � 2)

= f (0)
2 (p2)

� f (0)
2 (p1) + � 1

� V
v1

p1
@f(0)

2
@p

�
�
�
�
�
p1
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DSA formal approach

Parallel shock (no change of ~p in shock frame)

p2 � p1 (1 + � V � 1=v1)

At shock front, Liouville's theorem gives

f 1(p1; � 1) = f 2(p2; � 2)

= f (0)
2 (p2)

� f (0)
2 (p1) + � 1

� V
v1

p1
@f(0)

2
@p

�
�
�
�
�
p1

Integrate over � 1: ) A1 + C1 = A2
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DSA formal approach

Parallel shock (no change of ~p in shock frame)

p2 � p1 (1 + � V � 1=v1)

At shock front, Liouville's theorem gives

f 1(p1; � 1) = f 2(p2; � 2)

= f (0)
2 (p2)

� f (0)
2 (p1) + � 1

� V
v1

p1
@f(0)

2
@p

�
�
�
�
�
p1

Integrate over � 1: ) A1 + C1 = A2

No density jump across shock
– p.44/56



DSA formal approach

Fick's law just upstream:

� � 1
@f(0)

1
@x

=
v1

2

Z +1

� 1
d� 1� 1f 1

so that

� V1C1 �
� V

3
p1

@f(0)
2

@p

�
�
�
�
�
p1 ;x=0
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DSA formal approach

Fick's law just upstream:

� � 1
@f(0)

1
@x

=
v1

2

Z +1

� 1
d� 1� 1f 1

so that

� V1C1 �
� V

3
p1

@f(0)
2

@p

�
�
�
�
�
p1 ;x=0

and the matching condition is

� V
3V1

p
df (0)

2
dp

+ f (0)
2 = A1

– p.45/56



DSA formal approach

General solution

f (0)
2 (p) = ap� s + s

Z p

0

dp0

p

�
p0

p

� s

A1(p0)

where

s =
3V1

� V
=

3r
r � 1
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DSA formal approach

General solution

f (0)
2 (p) = ap� s + s

Z p

0

dp0

p

�
p0

p

� s

A1(p0)

where

s =
3V1

� V
=

3r
r � 1

� a denotes particles injected at the shock

� A1(p) denotes incoming upstream particles,
for A1 = A0p� q, f (0)

2 = s
s� qA0p� q

– p.46/56



Anomalous transport

Sub-diffusive �ux �nite at shock

density far downstream

density at shock front
=

1
u

R
dtP (ut; t )

=
3
2

for � = 1=2 sub-diffusion

Modi�ed index:

s =
3r

r � 1

�
1 +

1
2r

�

(Kirk, Duffy & Gallant 1996)

– p.47/56



Shock modi�cation

Energy density
U =

R
d3p

p
p2 + m2f (p)

velocity

density

V , �

x
– p.48/56



Shock modi�cation

Energy density
U =

R
d3p

p
p2 + m2f (p)

For f / p� s, U diverges
if s � 4, or r > 4
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density
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Shock modi�cation

Energy density
U =

R
d3p

p
p2 + m2f (p)

For f / p� s, U diverges
if s � 4, or r > 4

Strong shock:

r =

̂ + 1

̂ � 1

velocity

density
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Shock modi�cation

Energy density
U =

R
d3p

p
p2 + m2f (p)

For f / p� s, U diverges
if s � 4, or r > 4

Strong shock:

r =

̂ + 1

̂ � 1

divergence for 
̂ � 5=3

velocity

density

V , �

x
– p.48/56



Shock modi�cation

� For relativistic particles 
̂ = 4=3 ) very high
compression obtained.

� Solutions of coupled hydrodynamic equations and
advection/diffusion equation
Malkov & Drury, Rep. Prog. Phys. (2001)

� Numerical approach to time-dependent SNR
problem Berezhko & Völk, Astroparticle Phys. (2000)

� Applicability of advection/diffusion equation in
doubt because of strong nonresonant wave
instability Bell, MNRAS (2004, 2005)
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DSA Summary

� A �rst order Fermi process
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DSA Summary

� A �rst order Fermi process

� Spectrum results from combination of kinematic
energy boosts on crossing the shock
� p=p= 4� V=3v � 1 and escape downstream,
probability 4V2=v

� If isotropy guaranteed, theory holds also for
oblique shocks

� Particle mean residence time 4�= (vV1;2)

� Acceleration timescale � �=V 2

� Energy extracted from plasma motion. Nonlinear
development may involve magnetic �eld
ampli�cation – p.50/56



Relativistic shocks

Upstream Downstream
x < 0 x > 0
u = u� u = u+

f ! 0 as x ! �1 f regular at x ! + 1

Mixed coordinates: t, x in shock frame, p, � in plasma
frame

@
@�

�
D ��

@f
@�

�
� (u + � )

@f
@x

= 0

No momentum scale ) f = g(�; x )p� s
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Nonrelativistic (DSA) vs. Relativistic

pitch-angle diffusion )
near-isotropy ) spatial
diffusion

pitch-angle diffusion,
particles in narrow,
forward directed cone

solution of PDE in x; p
required

solution of PDE in �; x; p
required

small escape probability,
small h� pi =pper cycle

escape probability � 0:5,
h� pi =p � � 2 for �rst cy-
cle, then � 2

power-law of index
s = 3r=(r � 1), indepen-
dent of scattering law

Asymptotically, s = 4:23,
weakly dependent on
scattering law

– p.52/56



Particle transport

Average �eld orientation: Bk = B 0
k, B? = � shockB 0

? .
Large � ) perpendicular shocks. Begelman & Kirk 1990
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Particle transport

Average �eld orientation: Bk = B 0
k, B? = � shockB 0

? .
Large � ) perpendicular shocks. Begelman & Kirk 1990
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Short-wavelength
turbulence needed
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Analytic solution

Eigenfunction expansion
) angular dependence:

exp
�

� 1+ � s

1� � su=c

�

(1 � � su=c)s

As � ! 1 , s ! 4:23
Universal index?

Relativistic gas

Relativistic gas

Strong shock

Strong shock
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Monte-Carlo

Comparison of MC/analytic
angular distributions

Achterberg et al
MNRAS 328, 393 (2001)
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Relativistic shocks – summary

� Injection problem
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� Relativistic shocks – summary

� Injection problem
� Thermalised vs. accelerated particles:

� gyro > shock thickness
e� e+ -plasma ) 
 > few � � shock
e� p-plasma ) 
 > (M=m) � � shock

� Pre-acceleration? Synchrotron resonance for
positron-ion coupling Gallant et al (1994)

� Soft spectrum s > 4 ) linear picture valid

� Spectral slope s = 4:2 – 4:3 for strong
ultrarelativistic shock

– p.56/56
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