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Exercise 20: Fermion mass matrix diagonalization [5 Points|

a) A hermitian matrix M = M can always be diagonalized by a unitary transformation
UMU' = D = diag(my, ma,..., my),

where the eigenvalues m; can be negative as well as positive.

Show that one can choose an appropriate biunitary transformation to diagonalize M so
that all diagonal elements are non-negative.

b) Show that for any complex n x n matrix A one can find two unitary transformation
matrices U and V such that UAVT is diagonal with non-negative elements.

¢) Now we know that the mass matrices for the SM fermions can be diagonalized by biunitary
transformations with non-negative mass eigenvalues. The diagonalization in the charged
lepton sector leads to a mixing for the charged leptons

ep, = Ulel er = Vieg,

where the primed (unprimed) fields denote the fields in the flavour (mass) basis.

Show that in the case of massless neutrinos this mixing for the charged leptons would
have no physical effect.

Exercise 21: Charge conjugation and Majorana fields [5 Points]

a) Show for two spinor fields ¢ and x that
Pk = X¥r-
Note that ¥f = (¢°)1, etc.

b) The Lagrange density in the Majorana basis is given by

Lnass = _; (%L YL) (7?1 Tg) (ig) + h.c.

R

Show that this corresponds to a spinor field with Dirac mass term

gDirac - _mE\I]



Exercise 22: Z-decay [10 Points]

The Lagrange density for the coupling of a fermion pair f with the Z-boson is

g -
= Sosd A (vy —apy°) f 2,

For neutrinos we have vy = ay = 1/2.

a) Calculate the decay rate for the process Z — Dv in the case of massive (m # 0) Dirac
neutrinos.

b) Neutrinos could be Majorana particles, which obey the relation v = v. Show that the
vector current 7y*v vanishes in the case of Majorana neutrinos.

c¢) Calculate the decay rate for the process Z — v in the case of massive Majorana neutrinos.
What is the ratio between the rate from part a) and the one computed here?

Remark: For your solution use the following definitions:
The charge conjugate of a spinor 1 is defined

with the charge conjugation matrix C' = iy?~Y.
The charge conjugation matrix has the following properties:

Ch=ct T =_C ClyrC = — (47T

You can work with the Dirac matrices in the chiral representation:

01 ; 0 o -1 0
0 __ i 5 —: 0,12 3 __

Bonus: Why does the labelling chiral representation fit here?
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