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Problem 11: Optical Theorem [10 Points]

In the context of partial wave expansion, the scattering amplitude at an angle θ for the process
a+ b→ c+ d is given by

f(θ) = 1
2ki

∑
l

(2l + 1)(ηle2iδl − 1)Pl(cos θ),

where Pl are the Legendre-polynomials, θ is the scattering angle, k is the wavenumber in the incident
direction and δl and ηl are both real functions. δl denotes the phase difference and ηl was introduced
to describe inelastic scattering. We have ηl = 1 for elastic and ηl < 1 for inelastic scattering.
The optical theorem states that the cross section in a forward scattering process is given by

σtot = 4π
k

Im [f(0)] .

a) Show with the help of the optical theorem that

σtot = 2π
k2

∑
l

(2l + 1)(1− ηl cos(2δl)).

b) The differential cross section for elastic scattering is given by

dσel
dΩ = |f(θ)|2.

From this, derive the following expression for the elastic scattering cross section

σel = π

k2

∑
l

(2l + 1)|ηle2iδl − 1|2.

c) From a) and b) it follows that

σinel = π

k2

∑
l

(2l + 1)(1− η2
l ).

Show with this equation that for the reaction νµ + e− → µ− + νe we obtain the relation

σ(νµ + e− → µ− + νe) ≤
2π
E2

cm
, (1)

where Ecm denotes the center-of-mass energy (k should be considered in the center-of-mass
system). Note that this is an l = 0 scattering process and that a spin factor 1/(2s + 1) should
be taken into account.
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d) In Fermi theory the cross section is given by

σ = G2
Fs

π
, (2)

where GF is Fermi’s constant and
√
s denotes the invariant mass.

Use Eqs. (1) and (2) to find the energy at which Fermi theory breaks down.

Problem 12: Custodial Symmetry and the ρ-Parameter [10 Points]

The 1-loop correction to the ρ-parameter is given by

∆ρ = 3GF
8π22

√
2

(
m2
t +m2

b − 2 m2
tm

2
b

m2
t −m2

b

log m
2
t

m2
b

− 11
9 m

2
Z sin2 θW log m

2
h

m2
Z

)
,

where mt (mb) is the top (bottom) quark mass, θW the Weinberg angle and mh (mZ) the mass of the
Higgs (Z) boson.

a) Convince yourself that ∆ρ = 0 for mt = mb and if the hypercharge gauge coupling is zero.

b) As discussed in the lecture, the Higgs potential is invariant under SU(2)L × SU(2)R. Define

L =
(
t
b

)
L

, R =
(
t
b

)
R

and Φ =
(
φ, φ̃

)
,

with φ the Higgs doublet, φ̃ = iσ2φ
∗, and σ2 the second Pauli matrix. Show that the Lagrangian

containing the top and bottom Yukawa couplings gt and gb is invariant under the SU(2)L×SU(2)R
symmetry only if gt = gb.

c) Show by analyzing the kinetic term of the Higgs boson that it is invariant under SU(2)L ×
SU(2)R symmetry only if the hypercharge gauge coupling is zero. Start by writing down the
covariant derivative on Φ (taking into account the fact that φ and φ̃ have hypercharges 1 and -1
respectively).
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