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Exercise 23: Running couplings [10 Points]

a) In QED the coupling α = e2/4π is a running coupling. For low energies one obtains
α(µ = me) = 1/137. The running of the QED coupling with only one lepton is given by

αQED(µ) = α(me)
1− 2α(me)

3π ln( µ
me

)
. (1)

At which scale does αQED(µ) become infinite? (If further charged leptons and quarks are
considered, the coupling increases even faster.)

b) In QCD, with αs = g2
3/4π, the running coupling

αs(µ) = αs(µ0)
1 + (33−2f)αs(µ0)

6π ln( µ
µ0

)
(2)

is obtained, where f denotes the respective number of quark flavours whit mass 2mq ≤ µ
in the considered energy range.
The experimental boundary conditions are αs(µ0 = MZ = 91 GeV) = 0.12, mt = 175 GeV,
mb = 4.8 GeV, mc = 1.4 GeV and mu ' md ' ms ' 0.

i) Determine the pole µ = ΛQCD of eq. (2).
ii) For which µ does the coupling αs(µ) become very small (asymptotic freedom), and

where does perturbation theory break?
iii) Determine αs(µ) in the different energy ranges (2mq ≤ µ ≤ 2mt etc.) as well as the

values at the thresholds in between.
iv) αs(µ) must be continuous. From the thresholds calculated in the last part, however,

we saw that this is not true, yet. To make αs(µ) continuous, promote µ0 to a function
µ0(f) with µ0(f = 5) = 91 GeV. Find a relation between µ0(f) and µ0(f − 1)
assuming that αs(µ0(f)) = 0.12 for all f . With this relation determine the values of
µ0(4) and µ0(6).

c) Draw α−1
s (µ) and α−1

QED(µ) as functions of lnµ. What could the intersection of the curves
indicate?
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