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Problem 20: Neutrino oscillations in matter [20 Points]

The MSW effect describes oscillations of neutrinos in matter. Consider the case of two flavour
oscillations in a realistic (non-constant) mass distribution.
The time evolution of the eigenfunctions of the Hamiltonian in matter is described by the

following expression: '
i ()= (i) ) ()

—EA(t) = Eg(t) = Am?sin(26,)/4F sin(260)

where

with the (constant) vacuum mixing angle 6, and electron number density N.(¢) in matter. The
cigenstates in matter are [v) = (Jva), |vg))" and at any given time they are connected to the
flavor states via: |7) = U(t)|v) with

(1) ~ [ cos® sind
|V>_<|DM> ’ U= —sinf  cosfl )’

and the effective (time-dependent) mixing angle

ﬁsm(%o)
tan(26) = B 05(20p) — V2GrNe(t)
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The effective Hamiltonian is not diagonal, since matter eigenstates and thus the mixing angle
0 are not constant. If, however, 6 is small, i.e. the change in 6 occurs slowly, we obtain the
adiabatic approximation, where we can neglect 6. Suppose that at the time ¢ = ¢; an electron
neutrino is produced,

|Da(t:)) = daelPa)
a) What is the expression for |7,(tf)) at some later time ¢ in the adiabatic approximation?

b) Show that in the adiabatic approximation the result for the transition probability is given
by
P(ve = v,) = 1 — Lcos(26;)cos(20;) — 1sin(26;)sin(265)cos®ag , (2)

with 6, =0(t =t;), 0, =0(t =ts), and
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where I, J € {A, B}.
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c)

Show that in the case of constant electron density, Eq. reduces to the standard formula
of two-flavor oscillations

P(ve — v,)(t) = sin?(26) sin® ( mt ) :

L§F
and determine L$. What happens in the limit N, — 07

Use Eq. (1)) to find an expression for sin?(26). The formula for sin?(26) describes a Breit-
Wigner distribution. We define the resonance width at half height, Ar, as the width
at which the curve of the distribution is larger than one half [sin?(20) > 1/2]. Find an
expression for Ar in terms of 6.

The adiabaticity parameter is defined as

) = | Eal
i

which becomes large if the adiabatic approximation is good. To interpret this, first show

that

1 sin?(26)

0=-———"""__9/2FEGpN,.

2 Am? sin(26y) V2EGr
Now assume that the change in matter density is approximately linear, N, ~ const, and
that the density passes exactly through the resonance, i.e. AN, = N(t7) — Ne(t;) < Ar

to formulate 7, in terms of L} and At = t; —¢;. Discuss the adiabaticity condition

Yy > 3.



