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Exercise 13: SU(N) [10 Points]

Let U ∈ SU(N), i.e. det U = 1 and U † U = 1. Any element of SU(N) can be written as U =
exp(−iθa T a), where the T a are generators of the group with normalization Tr(T a T b) = 1

2
δab.

a) Show that the T a are traceless hermitian matrices.

b) How many linear independent generators are there?

c) The structure constants, dabc and fabc, are defined through

[T a, T b] = ifabc T c, {T a, T b} =
1

N
δab + dabc T c .

Show that

Tr(T a T b T c) =
1

4
(dabc + ifabc) ,

[

∑

a

T a T a, T b

]

= 0 .

d) Calculate the fabc for

Ta =
σa

2
,

where σa are Pauli matrices.

Exercise 14: Higgs sector and gauge bosons [10 Points]

a) Suppose a more exotic Higgs sector, namely that the Higgs field has isospin 3 and hy-
percharge −4. If the neutral component (which has I3 = 2) acquires a vev v/

√
2, show

that

m2
W =

g2

2
Φ†(T +T − + T −T +)Φ = 4g2v2

and that ρ = 1 (T + and T − are the “ladder operators” used in the lecture).

b) If there are several representations of Higgs scalars, the ρ-parameter is given by (as a
bonus you can try, using a), to calculate this expression)

ρ =
Σv2

i

(

Ti(Ti + 1) − 1
4
Y 2

i

)

Σ1
2
v2

i Y 2
i

Here Ti is the isospin of the scalar, Yi the hypercharge and vi the vev of the neutral com-
ponent. Show that ρ = 1 if only Higgs doublets with Yi = 1 exist. From the observational
constraint |ρ − 1| < ǫ ≪ 1, give a constraint on the vev of a scalar triplet.

c) From the kinetic term of the Standard Model Higgs one can obtain the hW +W − and
hhW +W − couplings. Show that they are given as igmW and 1

4
ig2, respectively. If you

wish, derive the hZZ and hhZZ couplings.



Bonus Exercise: Gauge invariance [5 Points]

Show that the Lagrangian

L = −1

4
Fµν F µν + |(∂µ − igAµ)Φ|2 − V (Φ†Φ)

is invariant under the transformations

Aµ → A′
µ = Aµ + ∂µα(x)

Φ → Φ′ = eigα(x) Φ .
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