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-lepton mixing

-tri-bimaximal ansatz (TBM)

-neutrino mass hierarchy: absolute scale & Onubb
-Majorana mass and seesaw mechanisms
-neutrino mass matrix and TBM

-discrete groups

-a prototype A4 model

-A4 breaking & vacuum alignment problem

-an A4 model with accidental TBM

-conclusions
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Ref. [1] Ref. [2] (MINOS updated)
parameter best fit=1c 30 interval best fit=1c 3o interval
Ani; [10-5eV?] 7.65704 7.05-8.34 7.6770%% 7.07-8.34
Amd, [107%eV?] | £2.407012  +£(2.07-2.75) —ea9=0.12 —(2.02-2.79)

: 4+2.49+0.12 +(2.13-2.88)
sin? By, 0.304700%  0.25-0.37 0.3217905 0.26-0.40
(2 0.07 0.07
sin® 023 0.501008 0.36-0.67 0.47+001 0.33-0.64
sin” 63 0.01001% < 0.056 0.003+0.015 < 0.049

Schwetz, Tortola, Valle,NJP10 (08)

Gonzalez,Maltoni, PR460 (08’)

Table 1: Global 3v oscillation analysis (2008): best-fit values and allowed n, ranges, from Ref. ),

Parameter d&m?2/107° eV~

EiIl‘z & 12 SiIlz 913

sin® fgq Am?/107° eV~

Best fit T8¢

lo range 7.48 — 7.83
20 range 7.31 —8.01
3o range 7.14 — 8.19

0.312 0.016

0.466 2.39

0.294 — 0.331 0.006 — 0.026 0.408 — 0.539 231 —2.00

0.278 — 0.352 < 0.036
0.263 — 0.375 < 0.046

0.366 — 0.602 2.19 — 2.66
0.331 - 0.644 206 — 2.81

Fogli,Lisi,Marrone,Palazzo, PPNP57(06’)



Trl ”“C!./ﬂ f“s!,] :'_f SE Harrison, Perkins, Scott, 2002

sinZ fos = 0.5 sin? 619 = 1/3 sinZ fy3 = 0
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with this exception
tri-bimaximal is in good agreement within one sigma
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mu-tau

trimaximal
tetramaximal
symmetric mixing
bimaximal
hexagon mixing
golden

quark-lepton complementarity
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parameter best fit 20 Jo
Amd 105V | 750703 | 70803 | 70387
Andy|[10-%VY | 24075 | 218-264 | 207275




‘ ' BLACK BOX THEOREM:

If neutrinoless double beta decay is

W W observed, neutrino has Majorana mass
Schechter, Valle PRD25 (82’)
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Dim-5 operator, Weinberg (80)

There are many seesaw realizations:
type-I, Il, lll, linear, inverse seesaw,
R parity breaking, radiatively
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right-handed neutrino replaced
with a SU2)-tfriplet Y=0

Similar fo type-l: 20/\/5 ¥t
¥ =
Foot et al 88
Ma, 98
Ma,Roy, 02
Bajc,Senjanovic, 07
Abada et al, 07
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Inverse seesaw

Mohapatra,Valle PRD34
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Linear seesaw aIinsky,Romao,Vale, FRIESS (05)
Mg Vi
SO(10) —= 3,212plp_ — 3,?2,51;33,32]51}»
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Grimus, Joshipura, Kaneko, Lavoura,Tanimoto JHEP0407
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The Flavor Problem:
-why fermion mass hierarchies?
-why flavor eigenstates are mixed?
-why quarks and leptons mixing are so different?

-Why tri-bimaximal lepton mixing?

SUC(S) X SUL(Q) X Uy(l) X Gf

Gf = SO(3) or SU(3) |:> discrete subbgroups

spontaneously

Adulpravitchai, Blum, Lindner JHEP 0909
Berger, Grossman JHEP 1002




Discreis grougs

A group G={A,B,C,...} which consist of a finite number
of elements g is a finite group if

" the set is close with respect fo the composition law
“% associative
#< cancellingrule: AX=BXandYA=YB=> A=B



To each finite group correspond a multiplication table

g=6l | A B C D E
Il1 A B C D E
AlA B | E C D
BB | A D E C
clc D E 1 A B
OD|lD E C B | A
E|E C D A B |

Not all the product are independent:
AC=E,CB=E,BB=A,CB=E,AE=D w=m CA=D

It exist a set of elements and a set of independent relations
associafted to each multiplication table
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Set of elements Set of relations
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Claissiilcation of irie grouo of orcer <5

Frampton and Kephart, PRD&4 (OT1)

order groups

& S3 = Ds

8 D4, Q = Q4

10 Ds

12 Dg, Qg, T = Ay

14 D

16 Ds, Qs, Zo x Dy, Za x @
18 Dyg, Z3 x D3

20 Do, G1o

22 Dy

24 Dis, Q2. 22 X D, Za X Qg, Za x T, Z3 x Dy, Z35 x Q,Z4 x D3, S,
26 D3

28 Dy, Q4

30 Dys, Dg x Z3, D3 % Zs

For a review of discrete group see also
Ishimori et al 1003.3552



Classiiicailorn of irlg ¢roug of ordar < 82

Frampton and Kephart, PRD&4 (O1)

order _Qoups
° Sz E D3

° S:'T?;: Q4

10 Dr

12 Dg, Qs, T = Ay

14 D

16 Ds, Qg, 7o x Dq, Za x Q

I8 Dy, Z3z x D3

20 Dig, Q1o

22 Do

24 Dya, Q2,72 % Dg,Za x Qg, 72 x T, 23 x Dy, 73 x Q,7Z4 x D‘-.Sd

T e | 2 p3 / 1p
: A8 4B
20 Dy, Ds x Zz, D3 x Zs <\/AIB A /B / AB

S n Pemutation group of n objects of order n!




Hypercomplex number

a+bi +qg+ak

["=1,i°=j%, ji=i’]

1§

A=l A=B° AB=B’A

) el el r r e f ' § f f r)r
Clagsiiicaiion of ine groug of order < 82
Frampton and Kephart, PRD&4 (OT1)
order groups
6 5.’5 = D&
8 D1, Q € Q1)
10 Ds
N
12 D;,(\Q;;-)TEA.A.
14 — D-
]é DEQKD.q,EgKQ
18 Dy, Z3 x X Ds
20 Dm(@m)
22 DH
> — N
24 DIE(Q]Z)ZZ = Dﬁ,gg X Qﬁ,z-z p 4 T, E;_; X D_»],E;_; b Q,E_q >, D;;._Sq
26 ~ D
130
28 Dia(Qua)
30 Dis, Ds x 23 D3 x Z

Q. Quaternion series of order 2 n
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12 grouo of order < 8

Frampton and Kephart, PRD&4 (OT1)

order
&

8

10

12

14
16
18
20

22 11

24 ‘DIE)QJE:-EZ o Dﬁ,gg X Qﬁzzﬂ), E;_; X D_»],E;_; 4 Q:E_q * D;;._S,q

26 ~ D3

ii o ABAB (AT

D ., Dihedral series of order 2 n
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Classiiicailor of irlg ¢groug of ordar < 82

Frampton and Kephart, PRD&4 (OT1)

order groups

& S3 = Dy

8 Dy, Q@ =0C4

10 Ds

12 De, Qe, T ﬂ;

14 D

16 Dg, Qg, Za x D4, Za x Q

18 Dy, Zz x D3

20 D10, Q1o Smallest group
22 D with triplet irrep 3
24 Dis, Q2. 22 X D, Za X Qg, Za x T, Z3 x Dy, Z35 x Q,Z4 x D3, S,

26 Dy

28 Dia, Q14 2 3 3
20 Dys. Dg x Z3, D3 % Z5 S’TS [T [(ST)

A . Alterning series of order n!/2




14 group
12 elem.

Ci1: | Isomorphic to group of
(;2: T.ST TS. STS <:> thetraedron rofafions

C3: TT, STT,TTS, TST 12 rotations
C4: S, TTST, TSTT

S,T|S%=1,T=1)(ST P=1

G2 Z

:C4  Subgroups of A4

2 3




Class [ ! [y |V |
Y 11113 <1 =1"1"x1"=1,1"x 1" =1 etc.
@) 1 | w | w0
s L[| w o Ix3=1+1+1"+3+3
Yy 1 1 1 ] -1 ]
w=1
L = ai1by + asby + asbs
L0 0 010 1" = a1by + wlasby + wasbs
s={o -1 0| T=|00 1 .
(U 0 1) (1 0 U) ‘ 17 = a1by + wasby + w2a3b3
S-diag basis 3 ~ (agbs, azbi, aiby)

3~ (G‘Sb%alb?n @251)



0
[ ngfl(g _1 2) 1 = ayby + aghs + aghy

1" = ngg -|- Glbg -|- {lgbl

b = agbg + Glbg + {1363

Ssymm ™ §(2G151 — agbs — agby, 2ahy — arby — agby, 2agby — ayby — aghy)

Suntisymm n~ Q(aﬂb?t - {1352, {Ilbg - &ley {Ilbg - G3b1)



Type Ly L s ray

Al 3 La1a- - -
A 1.1°. 1. 3
Bl a 110, 1 a :
B2 1.3
L | _
o a 2 - =
o3 1.3
4 1,173
11 _
b= a 3 a L
133 ar
|BE ! 1. 3

E 3 3 111" B

F 1, 1" 3 3 1or 1
G 3 111 111 -

H 3 111 - -

I 3 111 111 -

1 3 111 3 R

Barry, Rodejohann 1003.2385

(Morisi 0807.4013)



Mocdgls witrl A4 syrnrreiry Ui, lasalcasen) PROSA(01)

Baou, Ma, Valle PLE552(02’)

Ly 15 §|vi||H o ¢
SU) 211 1 1]1 |2 1 1
Ay 3 1 3 3

Altarelli, Feruglio NPB720 (05’)

v
—_
—

3
—

L =ye(Ld)] + yu (L)1 +yr (Lo")"1§ +yp (L) H + ya(vve) + yp (v 0)

O —p

We assume extra Abelian symmetries 73, Z4,...
fo forbid unwanted terms



Maclels witrr A4 syrnrnsiry

LI 5 I§|vi]|| H (¢ ’

. 1 ¢ 9@
SUR2) |2 |1 1 I |1 2 1 1
Ay 311 17 13 r 3 3

_ (T LIy]cC
L= ye(L )T + yu(L') 5 + yr(Le") "5 + yp(Lv°)H + ya(v°r°) + yp(v°1°9)

AN Y L/ :
(Lo") = L1¢ + Lags + L3,



Maclels witrr A4 syrnrnsiry

Ly 15 I§|vi||H o ¢
SU) 211 1 1]1 |2 1 1
Ay 3 (1 17 1|3 1 3 3

L =ye(Ld") + yu (L)1 +yr (Lo")"1§ +yp (L) H + ya(vve) + yp (v 0)

(L") = L1y + LY + LY

N

(") ~ (1,0,0)



Maclels witrr A4 syrnrnsiry

Ly 15 I§|vi||H o ¢
SU) 211 1 1]1 |2 1 1
Ay 3 (1 17 1|3 1 3 3

L =ye(Ld") + yu (L)1 +yr (Lo")"1§ +yp (L) H + ya(vve) + yp (v 0)

(L") = L1y + LY + LY

AN

_ _ (") ~ (1,0,0)
ve 0 0 o

M={ 0 y, 0
0 0 vy,



Maclels witrr A4 syrnrnsiry

Ly 15 I§|vi||H o ¢
SU) 211 1 1]1 |2 1 1
Ay 3 (1 17 1|3 1 3 3

L =ye(Ld)] + yu(Lo")15 + yr (Lo")"1§ + yp (L) H + ya(vve) + yp(v1°0)

AN 1/ L/ //
(L§")" = L33 + L1dy + Lad

(&) ~ (1,0,0)

Ye 0
M; = 0 y, 0
0 0 vy,



Maclels witrr A4 syrnrnsiry

Ll 15 E]viTH o &
¢ g O O

SU2) 21 1 11 |2 1 1

Ay 301 1 U |3 |1 3 3

_ ye -
L =ye(Ld )1 +yu(Ld')l5 +yr (L) l5 + yp(Lv)H + ya(vV°) + yp(v°10)

NI N, -
(L")" = Logh, + L1¢5 + L3}

(&) ~ (1,0,0)

Ye 0 U
0 0 vy,



Maclels witrr A4 syrnrnsiry
Llf 15 I|lvi|| H o ¢
sU2) 211 1 11 |2 1 1
Ay 311 1 1|3 |l1 3 3
L =ye(L )] + yu(Ld') 15+ yr (L") "l5 + yp(Lv®)H + ya(v°v°) + yo(v°r°0)

1p1 + Vaps + Y3 ~ 1

o O =

—_— O O

o = O



Maclels witrr A4 syrnrnsiry

Ly 15 I§|vi||H o ¢
SU) 211 1 1]1 |2 1 1
Ay 3 (1 17 1|3 1 3 3

L =ye(Ld)] + yu(LO")15 +yr (Lo")"1§ +yp (L) H + ya(vve) + yp (v 0)

0,000 c, C c,. C
WiV — VsVg — V3Vs
(V)3 = | 2w5vs —vivs —vs1s

% &

‘ [ . . C
2U5Vg — ViV — V3]



Maclels witrr A4 syrnrnsiry

L{ly 15 §|\vi||lH o &
SU) 211 1 11 |2 1 1
Ay 3 (1 17 17| 3 1 3 3

L =ye(Ld)] + yu(LO")15 +yr (Lo")"1§ +yp (L) H + ya(vve) + yp (v 0)

9, ,C,,C C,, C C.,.C
WiV — VsVg — V3Vs |
(V)3 = | w508 —vivs —vs1s (¢) ~ (1,1,1)

| | 9,,,,C _ ,,C,,C _ . C,C
LVolVy — V Vg — Vgl

2 -1 -1
Mp = +0| -1 2 -1
-1 -1 2



Maclels witrr A4 syrnrnsiry

Ll 15 §|vi| H ¢ ¢
SU 211 1 11 2 1 1
Ay 311 17 1V |3 (1 3 3

£ = el + yul( L&) I5 + o (Lo)"15 + yp (Lv)H + yaltv°) + o (v1°6)

(vv9)1 = (viv] + vsvs + V)

I 00 2 -1 -1
Mrp=al 0O 0 1 | +b| -1 2 -1
0 1 | )

i

0 -1 -1 2



—a* +2ab+ 30> b(—a+ 3b) b(—a + 3b)
mp——mh ~ b(—a + 3b) b(2a+3b)  —a® —ab+ 3b?

1

Mg b(—a+3b)  —a®—ab+3b*  b(2a+3b)

TS oy TBM

My, 4 + Myy 5 = Myqy - My 4



—a* +2ab+ 30> b(—a+ 3b) b(—a + 3b)
mp——mh ~ b(—a + 3b) b(2a+3b)  —a® —ab+ 3b?

1

Mg b(—a+3b)  —a®—ab+3b*  b(2a+3b)

Only three free parameters, predicts three angles and absolute
neutrino mass scale
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A4 + exira 73

¢'/=(1,0,0) / \ $)=(1,1,1)
23

3 ZZ
M A%
\ 7
— U U =TBM
Large neutrino OETOR
mixing @ Misalignment




¥+ ¢ + ©3
O+ b +

E1$2403
P19505 + P2} + P3Pl
P15 + Paps + P3pT

|3 + w?p; + wes|?

2 ,2 2 ,2 /2 42
©1 Py + @y P + 0y )
P2 > 2 F22

1™ + wiipy” + wig”|

12015 + PaPaPhPs + PaP1PsP
(02 + 24+ oD (7 + b + )
(2 + Wl + wpd) (¢} + wh” + weh?)

M? M3
V = ?le-I-?EBg-I-ﬂITl-I—HQE

c1y + caQs + ca@ls + c4Qy
esQs + Qs + (c:Qr +cc)

~ +



()

(7))

(v,v,v)

v, 0,0
(

oV 2 2 3 ? 2

% = Mjv+ pv” + 4epv” + 2cvv™ + 2(c7 + E7)vv° =0
1

v 2 2 3 2 2 2

@ = Mjv+ v +4depo” + 2c6v0™ + 2(w ey + wer)vr® =0
2

oV 2 2 3 o) 2\ 12

08 = Mjv+ p1v* + 4degv” + 2e600"™ + 2(wer + w ey )vv™ =0
3

av

P Mgv’ + 4egv” + 6egv*e’ =0

1

oV ! 2.0

— = vt +cxvv =0

0y

aVv

0 = pavv’ 4 cxv?v’ = 0

3

Incompatible unless ¢7=0 ‘ v, v =0



-~ Macuurn zlicinrnznt oroolarrl

()
(")

= (v,v,v)

= (v".0,0)
v
1
oV
D
v
D3
oV
e
v
0y
oV
Dl

Mffv + plvg + 401'03 + QCBUU'Q :

Mf’u + _,U,1U2 + 401'03 + 206'0'0'2 :
Mffu + ,ulfuﬂ + 4egv® 4+ 2eg00"?
M3v" + Ay + 6egv*t’ =0

;LQ*U'U' + 051;21;" =0

povv’ + esv?v’ =0

c/

v, v’ different from zero if C6 = 0, mu2 =0,¢c5 =0

0



- Nacuurrn alignrrernt oroolerr

Altarelll, Feruglio, NP2 720 05°

M? M2
_lp?y 2
5 P1T T

11 + c2Qa + c3l3 + c4Qy
csQs + Qe + (c7Qr +c.c)

<
[

Bg + ;u'lTl + #gﬂ

+ot

c/=0,c6=0,mu2=0,c5=0

B, = ¢i+@;+p3
By = ¢ +¢h +¢y
Iy = ¢1paps we don’t want terms mixing
o Pt Pt P
—- T, = 1505 + P2psp) + Papivh
Q1 = @ivs + P23 + P3p (p gp’
Q2 = o]+l +wesl?
o 12 42 12 42 r2 42 ) )
@ = @192+ vy +¥3 9 Abelian symmetries do not
o P2 2 52 22 .
Qs = |y +wiey +wey”| forbid such a terms
—- (s = P1P2019h + Pap3phiph + Pap1Pae]
—_— Qs = (7 492+ 2P} + P + )

2 52

—- Q; = (] 4wl + wpd) (P 4+ wph’ + wiey?)
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SUSY:
the renormalizable superpotential only contains cubic terms like

/
PPE not invariant under some abelian symm

Extra Dimension

Altarelli, Feruglio NPB720

Enlarge the flavor group

3
Ay D((Zz) each component of the scalar triplet is glue to a
corresponding right-handed field

(L1901 + LQ(’03 —— L3(’02)ZT Grimus, Lavoura JHEP0904

Mohapatra, Nasri PLB639

f ’ Morisi PRD79

Altarelli, Feruglio NPB741



- Vacuurr aligrirriert oroolerr

« SUSY:

the renormalizable superpotential only contains cubic terms like

/ Altarelli, Feruglio NPB741
PPE not invariant under some abelian symm

 Extra Dimension

Altarelli, Feruglio NPB720

« Enlarge the flavor group

Ayx(Z,)? each component of the scalar triplet is glue to a
corresponding right-handed field

Grimus, Lavoura JHEP0904

LQ(’DB + L3(’02@ Mohapatra, Nasri PLB639

charged leptons diagonal Morisi PRD79
also with (ip} = (“L'fT v, “L'f)



A0os, Serirriov 1004,0099

Morisi, Peinado PRD80 (09’)

fields L; £ H; -no flavons
-three Higgs doublets

SU@) |2 12 -no extra abelian symmetry
Ay 3 3|3 -neutrino mass from dim 5 oper

Assuming the vevs complex, the minimization of the potential gives

(1) = vy, () = ve' 2, (pg) = ve /3

\ Lavoura,kuhbock EPJC55

0 ae'® be
=g =] bh'* 0 ar

ae”' ™ by 0

Lyukawa = Y1 (L1315 + Lognl§ + Laguls) +
+1s (L1695 + Lydsls + Lady 15)



abr

abr

abr abr
b2 + a?r? ab
ab a® + b*r?

m2m?2
T _ =]
I —m\/l —’im4 ,
ﬂ”i\/i[lnmz]
= o 1 125

(L (1
OI ~ —T_l Og ~ —T 2
0.997
O = —0.069
~92.439 x 104

0.997
—1.800 x 107

2.44 x 104
1.075 x 1076
0.999



S0 (2SS rIeirle

Lsa = B(LL)3(HH)y+k(LL), (HH), + o' (LL)y, (HH)ys + " (LL),s (HH )y +
+ a(LH)gu (LH)go +b(LH)go (LH)g + ¢ (LH)g (LH)go + d (LH)g (LH) | +

+ U(LH), (LH), + U [(LH),, (LH)yy + (LH)y (LH)y |

rr KTe KTe€
M,=1| kre ™ 22 K
kre'™ K yr?

we have six free parameters, ¥ is already fixed



I ——
Neuiririo grieriorrienology

J=Im(Vin Ve Vig Vs )

0.505[ : 0.015¢ 1 200 130
i ) : 0.010F P
0.500} . ' - 0.005E -
& [ P SN . P a1
- I 1o 0.000& e
5 04957 o - : a
3 : o ~0.005F o
0.490} .&'E ; ~0.010F S
f . e —0.015¢ o
0485_ ] Lol 1 [ | 1 : .Iil:llll E : : :

10_4 1[]_3 ]U_z 1[]_1 —0.020 10—4 10—3 10—2 10—1
sin® 0,4 sin? 014

-in general all mixing angle receive corrections of the same order
-allowed departures of the solar angle from the best fit O( )\%)
-then TBM models give corrections for the reactor angle ot the same order
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Which is the flavor symmetry?

I tri-bimaximal will be confirmed from future experiments

may be a non-Abelian discrete group of SU(2), SU(3),...

however...
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If tri-bimaximal will be ruled out

non-Abelian discrete groups are useful to have

small reactor and large atmospheric angles

In general models with discrete group have few

free parameters and are predictive



