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Motivation

e Standard Model flavor puzzle. Observed patterns:
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Motivation

¢ Standard Model flavor puzzle.
4x 3 masses, 2x 3 angles, 2x 1 CP violating phases(+2).

e Origin of CP violation?

- CP violation established B R EE
in quark sector, M- B
consistent with SM (CKM). N 4 E

1 3

- open question: ) TSNS 4 (WREE, SUESSL

CP violation in lepton sector ? e

- open question: Why
0 = (9 + arg det y,yq) < 10-109
Why CPV only in FV processes?

10 et o)
e Flavor and CP are intertwined.
~ The theory of flavor should also be a theory of CPV.

Goal: Understand origin of CPV =- hints for origin of flavor.
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Outline
— CP(V) in the Standard Model
— What is an outer automorphism?

— CP as a special outer automorphism

— Fun with outer automorphisms

e CPV as a consequence of other symmetries
e Quter automorphisms beyond CP

— Example (toy-)models:

* 3HDM with A(54) symmetry
® SU(3) — T; with CPV and 6 = 0
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Textbook CP
Dirac theory:
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Textbook CP
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Textbook CP

Dirac theory:
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Textbook CP

Dirac theory:
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CP as a special outer automorphism

One generation of (chiral) fermion fields with gauge symmetry [Ta, Ty] = ifabe Te
L= . 1 v
&L = iUAy* (O —1gTaW5)\II— ZGZUG# a
The most general possible CP transformation:

bprv b
Wi(z) — R*™P; W, (Pz),
Wi(2) > 1cp UM Cap 0 (Pa) .

[Grimus, Rebelo, 95]
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CP as a special outer automorphism

One generation of (chiral) fermion fields with gauge symmetry [Ta, Ty] = ifabe Te
U g a 1 a v,a
&L = iUAy* (O —1gTaWH)\II— ZG”UG“ o
The most general possible CP transformation:
bopv b
Wi(z) — R*™P; W, (Pz),
U\ (2) > nep U Cop U (P) .

[Grimus, Rebelo, 95]
This is (can be) a conserved symmetry of the action iff

(1) Ryar Rypr fa’b’c = fabc’ R,
(i) U(-THU™! = Ry Ty,
(i) ClrTyet =

This implies:
(i) CP is an automorphism of the gauge group.
(i) CP maps representations to their complex conjugate representations. (Ta — —TF )
(iii) CP is an automorphism of the Lorentz group which maps representations to their
complex conjugate representation. (xi, — (x1)")
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CP as a special outer automorphism

One generation of (chiral) fermion fields with gauge symmetry [Ta, Ty] = ifape Te
L= . 1 %
&L = iUAy* (O —1gTaW§)\II— ZGZUGH a
The most general possible CP transformation:
b b
Wi(z) — R*™P; W, (Pz),
Ti\(@) > nep UY Cop U*(Pa) .

[Grimus, Rebelo, 95]
This is (can be) a conserved symmetry of the action iff

(1) Ryar Rypr fa’b’c = fubc’ R,
(i) U(-THU™! = Ry Ty,
(i) CrTyeTt = 4h

(i) CP is an automorphism of the gauge group.

(i) CP maps representations to their complex conjugate representations. (Ta — —TT )

(iii) CP is an automorphism of the Lorentz group which maps representations to their
complex conjugate representation. (XL — (XL)T)
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What is an outer automorphism?
Example: Zs; symmetry, generated by a® = id.

. 5 Zs |id a a°
e All elements of Z; : {id, a, a“}. 1 71 1
e QOuter automorphism group (“Out”) (1 w WP
of Z3: generated by 171w w »
(w:=e“T ")

u(a):arra’  (thinkiuau™' = a%)
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What is an outer automorphism?
Example: Z3 symmetry, generated by a® = id.

. N Zs | id a~—a?
e All elements of Zj : {id, at¥a“}. 1 71 1
e Quter automorphism group (“Out”) 1 [ 1 w WP
of Z3: generated by ﬁ 1”7 1 w? w »
(w = 2w )

u(a):arra’  (thinkiuau™' = a%)
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What is an outer automorphism?
Example: Z3 symmetry, generated by a® = id.

. N Zs | id a~—a?
e All elements of Zj : {id, at¥a“}. 1 71 1
e QOuter automorphism group (“Out”) (1 w WP
of Z3: generated by (17 |1 W w -
(w:=e“T%)

u(a):arra’  (thinkiuau™' = a%)
Abstract: Out is a reshuffling of symmetry elements.
In words: Out is a “symmetry of the symmetry”.
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What is an outer automorphism?
Example: Z3 symmetry, generated by a® = id.

. N Zs | id a~—a?
e All elements of Zj : {id, at¥a“}. 1 71 1
e QOuter automorphism group (“Out”) (1 w WP
of Z3: generated by (17 |1 W w -
(w:=e“T%)

u(a):arra’  (thinkiuau™' = a%)
Abstract: Out is a reshuffling of symmetry elements.

In words: Out is a “symmetry of the symmetry”.

Concrete: Out is a 1:1 mapping of representations r — r’.
Comes with a transformation matrix U, which is given by

Up(@U ' = pp(u(g)), VgeG.

(consistency condition)  [Holthausen, Lindner, Schmidt, '13]
[Fallbacher, AT, '15]

- pr(g): representation matrix for group element g € G
- w: g+ u(g) :outer automorphism
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What is an outer automorphism?
Example: Zs; symmetry, generated by a® = id.

. 5 Zs | id a<a?
e All elements of Zj : {id, at¥a“}. 1 71 1
e Quter automorphism group (“Out”) 1 [ 1 w WP
of Z3: generated by C 1”7 1 w? w »
(w:= &2 )

u(a):arra’  (thinkiuau™' = a%)
Abstract: Out is a reshuffling of symmetry elements.
In words: Out is a “symmetry of the symmetry”.

Concrete: Out is a 1:1 mapping of representations r — r’.

Comes with a transformation matrix U, which is given by

Upy (g)U_l = pr(u(g)) , VgeG.

(consistenc

- pr(g): representation matrix for group element g €
- w: g — u(g) :outer automorphism

Note: Physical CP trafo »’ = r* is a special case of this.
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CP transformation in Standard Model
In the Standard Model
SU(3) ® SU(2) ® U(1) and SO(3,1)
physical CP is described by a simultaneous outer
automorphism transformation of all symmetries that maps
r — r°,
(eg- 82))) — (§,§)i/6) ,
for the representations of all symmetries.
of such a transformation warrants 6, dcp = 0.
Violation of such a transformation is implied by experiment, and
necessary requirement for baryogenesis. [Sakharov '67]

2
i | — |re]

J = det [MyM], MgM]] # 0 = eip =

2
ITicss|* + Fz_q)

see also [Bernabéu, Branco, Gronau ’'86], [Botella, Silva '94]
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Physical CP transformation
We extrapolate from the SM to possible symmetries in BSM.
= “Definition” of CP in words:
CP is a special outer automorphism transformation which maps all present symmetry

representations (global, local, space-time) to their complex conjugates.

[AT ’16]
This definition is consistent with the definitions in [Buchbinder et al. '01] & [Grimus, Rebelo '95]
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Physical CP transformation
We extrapolate from the SM to possible symmetries in BSM.

= “Definition” of CP in words:

CP is a special outer automorphism transformation which maps all present symmetry
representations (global, local, space-time) to their complex conjugates.

[AT ’16]
This definition is consistent with the definitions in [Buchbinder et al. '01] & [Grimus, Rebelo '95]

Any such transformation:
e warrants physical CP conservation (if conserved),
= must be broken (by observation).
Note that a physical CP transformation:
¢ does not have to be unique,
e.g. [Grimus et al. '87],[Weinberg '05],[Ivanov, Silva '15]

* does not have to be of order 2’ [Chen, Fallbacher, Mahanthappa, Ratz, AT '14]

e s, in general, not guaranteed to exist for a given symmetry
group. (It does exist for Ggn!)
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Outer automorphisms of groups

Outer automorphisms exist for continuous & discrete groups.
There are easy ways to depict this:

Continuous groups:

Outer automorphisms of a simple Lie algebra are the
symmetries of the corresponding Dynkin diagram.

An0—0—0------ 0—0
Lie Group Out Action on reps
Dijoseiss (Z Apst SU(N) Zeo r — rt
Dn>4 SO(2N) ZQ r — r*
Eeo—o—i—o—o

FEs FEs Zio r — r*

E7O—O—i—O—O—O Dp—4 SO(S) Sg Ty — Tj
i all others / /
E8
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Outer automorphisms of groups

Discrete groups:

Outer automorphisms of a discrete group are symmetries of the

character table (not 1:1).

A(54) | Cla C3a Cy Csc Cza Ca

s
s
Coa  Cop

O n Y 1, 1 1 1 1 1 1 1 1
Tr| Cia Cs Csp Cra Co 1 1 111 o= =i =il
1o 1 1 1 1 1 2; 2 2 -1 -1 =il 0 0
S| 1 w w1 1 2, 2 -1 2 -1 -1 0 0 0
G 1 W w 1 1 23 2 -1 -1 2 -1 0
3, 3 0 0 n 77* 24 2 =il =il =l 2 0 0’ 0
3 3 0 0 " SCS, 3 0 0 0 0 1 Wwtow
L U Ui & 3 0 0 o0 0 1 w w?
>C32 3 0 0 0 0 -1 - -w
3, 3 0 0 0 0 -1 -—w —u?
Group Out Action on reps
Zs3 Ziy r — r
The outer automorphisms group of any Anze Ziy r — r
(“small”) discrete group can easily be Sn6 / /
found with GAP [GAP] . A(27)  GL(2,3) T, = T
A(54) S4 ri — Tj

Andreas Trautner
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TWO typeS Of grOUpS (without mathematical rigor)

List of representations: r1, ra, ..., 7k, 71, ...
Out in general : ri — r; Virrepsi,j (1:1)

Criterion:
Is there an (outer) automorphism transformation that maps

r; = T for all irreps i ?

No Yes
= Group of “type I’ = Group of “type II”

This tells us whether a CP transformation is possible, or not!
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Do CP transformations exist for all symmetries?
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Do CP transformations exist for all symmetries?
General answer: No.

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18 13/29



Do CP transformations exist for all symmetries?
General answer: No.

For example: Discrete groups of type I:

G|Z5x7y Tr: A(21) Ty xZs

SGid ‘ (20, 3) (21,1) (27, 3) (27, 4)
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Do CP transformations exist for all symmetries?
General answer: No.

For example: Discrete groups of type I:

G|Z5x7y Tr: A(21) Ty xZs

SGid ‘ (20, 3) (21,1) (27, 3) (27, 4)

® These are inconsistent with the trafo r;, — »; V.

= CP transformation is inconsistent with a type | symmetry.

(assuming sufficient # of irreps are in the model)

There are models in which CP is violated
as a consequence of another symmetry.

[Chen, Fallbacher, Mahanthappa, Ratz, AT '14]

The corresponding CPV phases are calculable and quantized (e.g. dgp = 27/3, ...)
stemming from the necessarily complex Clebsch-Gordan coefficients of the “type I”

group. This has been termed “explicit geometrical” CP violation.
[Chen, Fallbacher, Mahanthappa, Ratz, AT '14]
[Branco, '15], [de Medeiros Varzielas, '15]
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Do CP transformations exist for all symmetries?
On the contrary
Semi-simple Lie groups: they are all of type II !

* There always exists an (outer) automorphism

transformation that maps all » — »* simultaneously.
[Grimus, Rebelo '95]

= CP can only be violated (explicitly) if the number of
rephasing degrees of freedom is less than the number of
complex parameters. of. e.g. [Haber, Surujon '12]

This is the case in the Standard Model.

@ This just parametrizes CPV, there is no way to predict iy

Aside: There are models with higher-order CP transformations which allow for complex
couplings, yet conserve CP (groups of type |l B).
[Chen, Fallbacher, Mahanthappa, Ratz, AT '14], [lvanov, Silva '15]
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Do type | groups occur in Nature?

e Discrete groups? — Crystals?
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Do type | groups occur in Nature?

e Discrete groups? — Crystals?

X ind= 2,3 no type | point groups (no type I subgroups of SO(2),SO(3)).
X no type | subgroups of SU(2).
X no type | subgroups of the Lorentz group.
(Open question: Type | “spacetime crystals”? wiczek 121 ).
In d > 4: crystals with type | point groups

[Fischer, Ratz, Torrado and Vaudrevange '12]
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Do type | groups occur in Nature?

e Discrete groups? — Crystals?

X ind= 2,3 no type | point groups (no type I subgroups of SO(2),SO(3)).
X no type | subgroups of SU(2).
X no type | subgroups of the Lorentz group.

(Open question: Type | “spacetime crystals”? wiczek 121 ).

In d > 4: crystals with type | point groups

[Fischer, Ratz, Torrado and Vaudrevange '12]
e Discrete flavor symmetries?

* Many models with type | groups:

T2, A(27), A(54), PSLy(T), ...

e.g. [Bjorkeroth, Branco, Ding, de Anda, Ishimori, King, Medeiros Varzielas, Neder, Stuart et al. '15-'18]
[Chen, Pérez, Ramond '14], [Krishnan, Harrison, Scott ‘18]

® These can originate from extra dimensions, e.qg. in string
theory. [Kobayashi et al. '06], [Nilles, Ratz, Vaudrevange '12]
® Semi-realistic heterotic orbifold model with A(54) flavor

symmetry and geometrical CP violation.
[Nilles, Ratz, AT, Vaudrevange 18]
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Outer automorphisms
beyond C,P

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18 16/ 29



Physics of outer automorphisms
Outs map representations to other representations, r; — r;.
In general two logical possibilities:

(A) Both, r; and r;, are included in model.
(B) r; is not part of the model.

This is more general than C and/or P transformations.
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Physics of outer automorphisms
Outs map representations to other representations, r;, — r;.
In general two logical possibilities:

(A) Both, r; and r;, are included in model.
(B) r; is not part of the model.

This is more general than C and/or P transformations.

Physical consequences:
(A) Maps operators to other operators.

/\/\
Z Dy O1(x) +ca Oa(x) + 7.
Only possible effect: Transformation of the couplings
SIL(9,0)] — SILWs,0] = 5| (8,0¢)] -

¢ # Uc = looks like an explicitly broken symmetry.

(Actually, this points to redundancies in the parameter—space of a theory).

(B) Transformation is simply not possible with the given field content.
~ Explicitly and maximally broken transformation.
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Physics of outer automorphisms
Outs map representations to other representations, r; — r;.
In general two logical possibilities:

(A) Both, r; and r;, are included in model.
(B) r; is not part of the model.
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Physics of outer automorphisms
Outs map representations to other representations, r; — r;.
In general two logical possibilities:

(A) Both, r; and r;, are included in model.
(B) r; is not part of the model.
Examples:

(A) CP transformation in the SM: » — »* for all representations

= =R
eg. Qu: (372)%/6 — (3,2), 6 -

Maps Voxm — (Vexa ). Symmetry? No, since elfoxm £ [ei‘SCKM] .

Transformation is broken explicitly (by couplings).
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Physics of outer automorphisms
Outs map representations to other representations, r;, — r;.
In general two logical possibilities:

(A) Both, r; and r;, are included in model.
(B) r; is not part of the model.
Examples:
(A) CP transformation in the SM: » — »* for all representations

eg. Qu: (372)%/6 — (5’5)1;{1/6 :

Maps Voxm — (Vexa ). Symmetry? No, since elfoxm £ [ei‘SCKM] "
Transformation is broken explicitly (by couplings).
(B) P transformation in the Standard Model: 1, — rg.

egd. Qu: (3,2)[/5 — (3,2)1% -

Qg is not part of the model = this transformation is not possible.
Transformation is broken explicitly and maximally (=by representation content).

Note:
Since L is real it always contains » and »*. Therefore,
CP cannot be broken maximally!
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Fun with
outer automorphisms |
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
L4 H1’2’3 = (172)1/2 of GSM; H = (Hl,HQ,Hg) is 3 of A(54)
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
® Hia3=(1,2),), 0f Gsm, H := (H1, Ha, H3) is 3 of A(54).
e Higgs potential: (m,a; € R)
+a1 Li(HY H) +as L(H', H)
V(H,&@) = —m?H H; +aoIo(H', H)

+a3 I3(H', H) +as L(H, H) |
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
® Hips=(1,2),), of Gsm, H := (Hi, Hy, H3) is 3 of A(54).
¢ Higgs potential: (m,a; € R)

+a1 L(HY, H) + a2 L(HT, H)
V(H,&@) = —m?H H; +aoIo(H', H)
+a3 I3(H', H) +as L(H, H) |

e Four classes of VEVs: wi=e2™ /3y = T
V2(ao + a;)
<H>I = Ul(l’lzl)i <H>II = ’U2(UJ,171)7

(Hymr = vs(w?1,1), (H)v = v4(V/3,0,0).
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]

(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
L4 H1’2’3 = (172)1/2 of GSM; H = (Hl,HQ,Hg) is 3 of A(54)

¢ Higgs potential: (m,a; € R)

+a1 Li(HY H) +as L(H', H)

V(H,&@) = —m?H H; +aoIo(H', H)
+as I3(H', H) +a4 L(H',H) ,
* Four classes of VEVs: T L Ve R L S—
v/2(ao + a;)
<H>I = Ul(l’lzl)i <H>II = ’U2(w,171)7

(Hymr = vs(w?1,1), (H)v = v4(V/3,0,0).

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18 20/ 29



Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
® Hia3=(1,2),), 0f Gsm, H := (H1, Ha, H3) is 3 of A(54).
¢ Higgs potential: (m,a; € R)

+a1 L(H', H) +as IL(H, H)
V(H,&@) = —m?H H; +aoIo(H', H)
+a3 I3(H',H) +a4 I4(H', H) ,

e Four classes of VEVs: RS VE SV | —
v/2(ao + a;)
(H)1 = vi(1,1,1), (H)in = v2(w,1,1),

(Hym = vs(w?,1,1), (H)v = va(v3,0,0).

e Large outer automorphism group: Out(A(54)) = Sy.
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Outer automorphisms beyond C,P
Explicit example: 3HDM model with A (54) symmetry.

[Fallbacher, AT, '15]
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
® Hia3=(1,2),), 0f Gsm, H := (H1, Ha, H3) is 3 of A(54).
¢ Higgs potential: (m,a; € R)

«—>
+a; Il(HT,H) + az 12(HT7H)
V(H,@) = —m?HH; +aolo(H, H) IOHtX I}
+a3 I3(HY, H) + a4 L4(HT, H) ,
>

e Four classes of VEVs: RS VE SV | —
Vv2(ao + a;)
(H>I = U1(1»171)7<_) <H>H = ’U2(UJ,1,1)7

IOut y )

(Hym = vs(w?,1,1), <> (H)rv = v4(v/3,0,0).

e Large outer automorphism group: Out(A(54)) = Sy.
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Outer automorphisms beyond C,P

This 3HDM model is an example for some very general statements on outer
automorphisms: [Fallbacher, AT, '15], [AT '16]

® Quts allow to identify physical redundancies in the parameter space.
here: (a1,a2,a3,a4) — a1 < az < a3z < aq.
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Outer automorphisms beyond C,P

This 3HDM model is an example for some very general statements on outer
automorphisms: [Fallbacher, AT, '15], [AT '16]

® Quts allow to identify physical redundancies in the parameter space.
here: (a1,a2,a3,a4) — a1 < az < a3z < aq.

® |n the “Out-eigenbasis”: CP and symmetry enhancement very transparent.
here: The CP—odd basis invariant of this model:

J = — 9\/5((11 — a2)(a1 —a3)(a1 — a4)(a2 — a3)(a2 —aq)(az — a4) . [Nishi]
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Outer automorphisms beyond C,P

This 3HDM model is an example for some very general statements on outer

automorphisms: [Fallbacher, AT, '15], [AT '16]

® Quts allow to identify physical redundancies in the parameter space.
here: (a1,a2,a3,a4) — a1 < az < a3z < aq.

® |n the “Out-eigenbasis”: CP and symmetry enhancement very transparent.
here: The CP—odd basis invariant of this model:

J = — 9\/§(a1 — ag)(a1 —a3)(a1 — a4)(a2 — a3)(a2 —aq)(az — a4) . [Nishi]

® Stationary points appear in multiplets of the Out group.
here: @ := ((H)1, (H)11, (H)1, (H)1v) is 4-plet of Sy
= Each VEV encodes the same physics! (they break to isomorphic subgroups)

= direction of the VEVs are calculable
from a homogeneous linear equation M ® = 0.
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Outer automorphisms beyond C,P

This 3HDM model is an example for some very general statements on outer

automorphisms: [Fallbacher, AT, '15], [AT '16]

® Quts allow to identify physical redundancies in the parameter space.
here: (a1,a2,a3,a4) — a1 < az < a3z < aq.

® |n the “Out-eigenbasis”: CP and symmetry enhancement very transparent.
here: The CP—odd basis invariant of this model:

J = — 9\/§(a1 — ag)(a1 —a3)(a1 — a4)(a2 — a3)(a2 —aq)(az — a4) . [Nishi]

® Stationary points appear in multiplets of the Out group.
here: @ := ((H)1, (H)11, (H)1, (H)1v) is 4-plet of Sy
= Each VEV encodes the same physics! (they break to isomorphic subgroups)

= direction of the VEVs are calculable
from a homogeneous linear equation M ® = 0.

® Quts can give rise to emergent symmetries.
here: U (H);1 = (H)1, where U € Out(G).
=- VEV has higher symmetry than potential.
In this particular 3HDM, this explains the origin of spontaneous (“geometrical”) CP

violation with calculable phases. [Falloacher, AT, '15]
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Fun with
outer automorphisms li
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An interesting observation
Observation:
Type | groups can arise as subgroups of type Il groups.

For example: small finite subgroups of simple Lie groups.

SU(3) o Ty
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An interesting observation
Observation:
Type | groups can arise as subgroups of type Il groups.

For example: small finite subgroups of simple Lie groups.
SU(3) o Ty

Structure of outer automorphisms:
Out(su(3)) = Zo

O—O

N

r; < ’I’i* W)
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An interesting observation

Observation:

Type | groups can arise as subgroups of type Il groups.

For example: small finite subgroups of simple Lie groups.

SU(3) o Ty

Structure of outer automorphisms:
Out(su(3)) = Zo

Out( T7) = 7o

1y
G L
G

G

r; < ’I’i* W)

o 0 Yy

T7 | Cia Ci3a C3 Cra Copp
1 1 1 1 1
1 w w1 1
1 WEow 1 1
3 0 0 n n*
3 0 0 " n

T = ’l‘i* Vi X

Andreas Trautner
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An interesting observation
Observation:
Type | groups can arise as subgroups of type Il groups.

For example: small finite subgroups of simple Lie groups.
SU(3) o Ty

Structure of outer automorphisms:

Out(su(S)) = 7o Out(T7) = 7o
o 0 Yy

T7 | Cla C3a C3 Cra Cn

1o | 1 1 1 1 1

S| 1 w w1 1

G112 W w 1 1

<I 3 3 0 0 n n*

\_/ 34 3 0 0 " n
r, < vt Vi risxr;t Vi X

Note: Out(su(3) ) acts on the T, C SU(3) subgroup as Out( T7)!
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Toy model overview
Facts:

e SU(3) is consistent with a physical CP transformation.

¢ The T subgroup of SU(3) is inconsistent with a physical CP
transformation.

Question: How is CP violated in a breaking SU(3) — T7?
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Toy model overview
Facts:

e SU(3) is consistent with a physical CP transformation.

¢ The T subgroup of SU(3) is inconsistent with a physical CP
transformation.

Question: How is CP violated in a breaking SU(3) — T7?
Toy model: gauged SU(3) + complex scalar SU(3) 15-plet ¢. [Ratz, AT 16]
1
2 = (Du9)' (D" ¢) = 7 G, G = V(9),

5
V(g) = —p’¢To+ Z Ai 154)(@ . with \; € R

i=1
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Toy model overview
Facts:

e SU(3) is consistent with a physical CP transformation.

¢ The T subgroup of SU(3) is inconsistent with a physical CP
transformation.

Question: How is CP violated in a breaking SU(3) — T7?
Toy model: gauged SU(3) + complex scalar SU(3) 15-plet ¢. [Ratz, AT 16]

# = (D)l (D"9) — § Ga, G = V(9),

5
V(g) = —p’¢To+ Z Ai 154)(@ . with \; € R
=1l

calculation enabled by SUSYNO [Fonseca '11]
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Toy model overview
Facts:

e SU(3) is consistent with a physical CP transformation.

¢ The T subgroup of SU(3) is inconsistent with a physical CP
transformation.

Question: How is CP violated in a breaking SU(3) — T7?
Toy model: gauged SU(3) + complex scalar SU(3) 15-plet ¢. [Ratz, AT 16]

# = (D)l (D"9) — § Ga, G = V(9),

5
V(e) = —u26To+> NIV (9). with \; € R
=1
calculation enabled by SUSYNO [Fonseca '11]

e VEV of the 15-plet (¢) breaks SU(3) — T7.  [Lunn, 111, Merle, Zwicky '11]
® Qut(su(3)) 2 Zs — Out(T;) = Zsy; Out unbroken by VEV.

SU(3) X ZQ ﬁi} T7 X ZQ; o

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18
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CP violation in SU(3) — T toy model

[Ratz, AT "16]

Name SU(3) 2, Name T7 mass

. Z 1 2 =17/3g%0v?

Ay 8 ‘ v ' m2Z /2 92 !
I Wy 3 myy =g v
T
: Reog 1o mzRe o = 2N2
| Im oo 1() Mim &0 =0

é s ‘ o1 11 mgl = —p? + V15 X5 02
|
| 1 3 mzl = mzl (/1’7 )‘1)
‘ 2 3 mg‘z = mg‘z (:uv )"L)
LT 3 mi =mi (n i)
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CP violation in SU(3) — T toy model

[Ratz, AT "16]

Name SU(3) —= Name T7; mass

.z 1 2 —7/3¢g%0°
Ap 8 ‘ . ! m2Z /2 g2 !
LWy 3 myy =g v
T
: Reog 1o m%{e oo = 2N2
i Imog 10 mi, o =0
é e I o1 11 mgl = —p? + V15 X5 02
‘ 2 2
: Ty 3 m;1 = m;1 (e, Ai)
‘ 2 3 m7‘2 = m‘f‘2 (:uv )"L)
1 73 3 m72—3 = m72'3 (1“7 )‘l)

The action is invariant under the Z2 — Out transformation:

SU(3) | B
I Wu(z) = Py WS(Px),
|
P
AS(z) —» RPPY AL(Pz), | ao(z) = oo(Pa),
N I Ti(x) = 7 (Pa),
qﬁl(x) — iJ ¢]( x) . : Zﬂ,(fl/’) — 73)/;/ ZI,(CP.’L'),
I_oi1(z) = o1(Px) .
physical CP ! physical CP x
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CP violation in SU(3) — T toy model

® The VEV does not break the CP transformation, U(¢)* = (¢).
® However, at the level of Tz, the SU(3)-CP transformation merges to Out( T ):

15 = 1o ® 11 ® 11 ®© 3 ® 3 ® 3 ¢ 3
Zo — Out : l
15 — 1o ® 11 ©® 11 ® 3 ® 3 ® 3 @ 3
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CP violation in SU(3) — T toy model

® The VEV does not break the CP transformation, U(¢)* = (¢).
® However, at the level of Tz, the SU(3)-CP transformation merges to Out( T ):

15 = 1o ® 11 ® 11 ®© 3 ® 3 ® 3 ¢ 3
weoe TS
15 — 1o ® 11 © 11 ® 3 ® 3 ® 3 & 3
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Andreas Trautner

CP violation in SU(3) — T toy model

The VEV does not break the CP transformation, U(¢)* = (¢).
However, at the level of T, the SU(3)-CP transformation merges to Out(T7 ):

15 = 1o ® 11 ® 11 ®© 3 ® 3 ® 3 ¢ 3
weoe TS
15 — 1o ® 11 © 11 ® 3 ® 3 ® 3 & 3

The Z3-Out is conserved at the level of T, but it is not interpreted as a physical
CP trafo,

SU) x 7P 12 1y 0 2R

There is no other possible allowed CP transformation at the level of T (type ).
Imposing a transformation r,, ; <+ 71, ;* enforces decoupling, g = A\; = 0.

CP violation as a consequence of another symmetry, 25.10.18 26/ 29



CP violation in SU(3) — T toy model

Explicit crosscheck: compute decay asymmetry.

| (01 = WWH? — | (0] = WW*)|?
| (01 = WW? 4 | (cF = WW*)|*

o1 W W* =

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18 27/ 29



CP violation in SU(3) — T toy model

Explicit crosscheck: compute decay asymmetry.
| (01 = WWH? — | (0] = WW*)|?

15 W W*x =
i |t (o1 = W W) + |t (0F — W W)|?

Contribution to e, .y w~ from interference terms, e.g.

v v 2
v w X X
0 : W ! w
\ T2 - 2,
@il cocmoo + o1 ==yl g + o1 - Z s
I N
1T N 1Ty N
) DR we ; | we
w* 1>< X l>< ¢
corresponding to non-vanishing CP-odd basis invariants
T *
L = [Y‘HWW*] ke [ ‘71’—275} ij [YT2* WW*]imk [(YTQ*WW*) ]jmz ’
_ [yt ]
Iy = [YmWW*]k |:YU17'27'2*}”_ [YTSWW*]wm |:<YT§WW*) ik .

Contribution to €5, .y w is proportional to Im Z; > # 0.

All CP odd phases are geometrical, T; = 2™ 1/3 T,
(eglﬁw W*) — 0 for v — 0, i.e. CP is restored in limit of vanishing VEV.
27/ 29
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Natural protection of 6 = 0

Topological vacuum term of the gauge group

92

Sy =0
o 3272

a pv,a
G,u,u G P

is forbidden by Zy — Out (the SU(3)-CP transformation).
The unbroken Out

Zo —Out : Wy(z) = Py W7 (Pz), Zu(x) = =P, Z,(Pz),

still enforces 0 = 0 even though CP is violated for the physical T; states.
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Natural protection of 6 = 0

Topological vacuum term of the gauge group

92

Sy =0
o 3272

a pv,a
G,u,u G P

is forbidden by Zy — Out (the SU(3)-CP transformation).
The unbroken Out

Zo —Out : Wy(z) = Py W7 (Pz), Zu(x) = =P, Z,(Pz),

still enforces 0 = 0 even though CP is violated for the physical T; states.

Physical scalars (T singlets and triplets):

Tionn = %(%Jﬂﬁ) : ey = —%(m—ﬁ) :
b2 ,

1 Vii Vi Viz\ (Tp
T2 | = (Va1 Va2 Vag T3] -
T3 Va1 Viz2 Va3 T
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Natural protection of 6 = 0

Topological vacuum term of the gauge group

g2

Ly =0
0 3272

Gl G
is forbidden by Zo — Out (the SU(3)-CP transformation).
The unbroken Out
Zo —Out : Wy(z) = Py W7 (Pz), Zu(x) = —P)Z,(Pz),

still enforces 6 = 0 even though CP is violated for the physical T states.
Possible application to strong CP problem?
® Starting point: CP conserving theory based on

[Gsm X Gp] x CP .

® break Gg x CP — Type I x Out.
~ CP broken in flavor sector but not in strong interactions.

® Main problem: finding realistic model based on Type | group allowing for outer
automorphism.
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Andreas Trautner

Summary

Outer automorphisms are symmetries of symetries
(— think of them as mappings among the irreps).

CP is a special outer automorphism which maps all present
representations to their complex conjugate representation.

There are “type I” groups which do not allow for CP trafos
= CPV (explicit/spontaneous) with quantized phases.

Concept of Outs is more general than C and/or P; Outs give very
profound insights about models (permutation of invariants,
calculability of VEVs, emergent symmetries...).

Physical interpretation of one and the same transformation
(namely the Z,-Out) can change depending on the symmetries
of the ground state of a model.

Explicit toy model example, SU(3) — T+, in which CP is
spontaneously violated for the physical states of the theory (with
quantized phases) while an unbroken outer automorphism
protects 6 = 0.

CP violation as a consequence of another symmetry, 25.10.18
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Thank You
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Backup slides
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Basically two types of discrete groups
¢ Groups which do not allow for CP transformation: Type |

Fine print: assuming sufficient # of irreps are there
G| ZsxZy Tr A1) ZgxZs
SGid ‘ (20, 3) (21,1) (27, 3) (27,4)
¢ Groups which do allow for CP transformation: Type Il
Among those: all groups which allow for real CG’s: Type Il A
G| S3 Ay T Sy As

SGid | (6,1) (12,3) (24,3) (24,12)  (60,5)

But also: CP trafo w/o real CG’s: Type Il B
G 2(72) ((Zg X Zg) X Z4) X Z4

SGid | (72,41) (144, 120)

Type Il A groups: CP violation completely analogue to well-known case: SU (V)
(i.e. it depends on # of rephasing d.o.f.’s vs # complex couplings)
Type Il B groups: CP violation tied to certain operators
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The model
3HDM model with [A(27) =] A(54) symmetry.

(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
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The model
3HDM model with [A(27) =] A(54) symmetry.
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
Model:
® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2)1/2 under Ggn.
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The model
3HDM model with [A(27) =] A(54) symmetry.
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
Model:

® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2)1/2 under Ggn.

® Three—Higgs potential invariant under A(54), generated by

0 1 0 1 0 0 1 0 0
A= |0 0 1|,B=(0 w 0],c=+|0 0 1
1 0 0 0 0 w? 0 1 0
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The model
3HDM model with [A(27) =] A(54) symmetry.
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
Model:
® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2)1/2 under Ggn.

® Three—Higgs potential invariant under A(54), generated by

0 1 0 1 0 0 1 0 0
A= |0 0 1|,B=(0 w 0],c=+|0 0 1
1 0 0 0 0 w? 0 1 0
® “Traditional” way to write the potential: (4,=1,.,3; i £ 7)
2
V= —m2HH, + )\ (HJHI) NP (HjH,) (H]TH]-)+,\3 (HJH]-) (H;Hl)

+¢ 9\ [(H]H2) (H]Hs) + oylic] + hec.
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The model
3HDM model with [A(27) =] A(54) symmetry.

(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]

Model:
® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2), ;, under Gs.
® Three—Higgs potential invariant under A(54), generated by

0 1 0 1 0 0 1 0 0
A= 1|0 0 1|,B=(0 w 0], Cc=+(0 0 1
1 0 0 0 0 w? 0 1 0
® “Traditional” way to write the potential: (5,5 =1,.,3; i £ j)
2
Vo= —m?HlH+ 5 (HIH) 20 (B[ ) (H]H;) + s (H]H;) (H] )

+¢ 9\ [(H]H2) (H]Hs) + oylic] +hec. .

® Notation:
0 .
(0| H; |0) = (H;) := (viei%) for i=1,.,3
(H) = (Vlei“‘jl,vzei‘”,vgei”ﬂT.
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The model
3HDM model with [A(27) =] A(54) symmetry.
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
Model:

® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2)1/2 under Gign.

® Three—Higgs potential invariant under A(54), generated by

0 1 0 1 0 0 1 0 O
A=1lo o 1],B=(0 w o),c=+(0 0o 1].
1 0 0 0 0 w? 0 1 0
® “Traditional” way to write the potential: (5,5 =1,.,3; i # J)
2
Vo= —m?HIHi+ 5 (HIH) + 20 (B H:) (HIH;) + s (H]H;) (H] )
+¢' O [(H]H2) (H]Hs) + eylic] +hec.
e Potential gives rise to four classes of VEVs: v; = ———" (1= e271/3
2(ao + a;)
1 w w? V3
(Hi=v (1] (Hu=wv (1|, (Hm=uv|1] ,(Hw=uvs| 0
1 1 1 0
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The model
3HDM model with [A(27) =] A(54) symmetry.
(This is the original “geometrical T violation” model of Branco, Gerard, and Grimus.)  [Branco, Gerard, Grimus, '83]
Model:
® Triplet H := (H1, H2, H3) of Higgs doublets H;,
each transforming as (1, 2)1/2 under Ggn.

® Three—Higgs potential invariant under A(54), generated by

0 1 0 1 0 0 1 0 0
A= |0 0 1|,B=(0 w 0],c=+|0 0 1
1 0 0 0 0 w? 0 1 0
® “Traditional” way to write the potential: (4,=1,.,3; i £ 7)
2
V= —m2HH, + )\ (HJHI) NP (HjH,) (H]TH]-)+,\3 (HJH]-) (H;Hl)

+¢ 9\ [(H]H2) (H]Hs) + oylic] + hec.

m

* Potential gives rise to four classes of VEVs: v; = ——— (1= &7 1/3
2(ao + a;)
1 w w2 V3
(Hiy=wv (1] ,HEHmn=v2|1| ,(Hm=wvs| 1] ,Hiwv=wvs| 0
1 1 1 0
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Spontaneous geometrical CP violation

If a CP transformation H — UH* is a symmetry of the Lagrangian,

then

(H) # U(H)"
must hold in order for this CP transformation to be spontaneously
violated. [Branco et al. '83]

e For example: U = 1 is a CP symmetry if Q = 0, 7.
It is broken by VEVs of type 1T and III.
~ there appears a physical CPV phase: w = e

¢ All possible forms of U are given by solutions to the “consistency
condition” (for various u’s)

2mi/3

Ups-(9)UT = ps(u(g)).

[Holthausen, Lindner, Schmidt, '13; Feruglio, Hagedorn, Ziegler, '13]

= Actually: CP transformations are special outer automorphism
transformations of all present symmetries (in particular A (54)).

Andreas Trautner CP violation as a consequence of another symmetry, 25.10.18
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3HDM dictionary

A more “natural” way to write the potential:

(o) (om)], = w[(non),

0

®(H o H) J
+% [(HT®H)21®(HT®H)21LO+% { (#'eH), @
(

+% [(HT ®H)24 ® (HT ®H)24LO + %

(son), ],

HT®H ,® (HT ®H)2J .
1o

Relations between the two different bases:

31
3\ = |a1 +w2a2—|—wa3} , and Q = arg(a1 +w?asy +wa3) .

apo+as, 3X2 = 2a0—as4, 3A3 = a1 +az+as,

Bounded-below criterions:
0 < A\ and 0 < A1+ X2z +2X0g cos[2m/3 4+ (2 mod 27/3)]

VS.
0 < ap+tag, for £=1,..,4.
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Invariants spelled out:

Io(H', H) =

L(H', H) =

Iy(HY, H) =

I3(H', H)

o[

L(H' H) =

Andreas Trautner

Lt t 1)
§<H1H1+H2H2+H3H3> ,

2

H{H,HH, + H{H, H{H, + H{H, H{ H, + h.c.) +

HIHZH;Hl +HIH3H§H1 +H;H3H§H2i| ’

S

2
= [H{H, H B, + B{H, B H, + H Hy H] H,

—HH,H{H, + —H{H, H{H, + —-H{H, H{H,] ,
27t T 27t T 27t T
WHIH HIH, + W HH HIH, + O HIH HIH, +he) +

HIHy HH, + H]HyHYH, + HYHyH{H,) |

=[S

[(w] Hy B Hy + wB}H, B Hy + wH H, HYH, + he.) +

H{H,H{H, + H{H,H{H, + H{H,HIH,| .

CP violation as a consequence of another symmetry, 25.10.18 36/ 29



“Physical” CP transformation

Recall: e.g. complex scalar field o, with field operator
i) — /515 [a@ e 18 @) ere)
Physical CP transformation of the complex scalar field
CP : o(x) — e¥%o*(Px),
corresponds to
CP : a(p) — é¢b(—p) and b (@) — &*al(—p).

Note:

“matter’: a(*) “anti-matter”: 5" .
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Toy model details

Complex scalar ¢ in T7-diagonal basis of SU(3): (in unitary gauge)

b2 $7 P8 P9 o7 5 95
¢ = (v+¢>1, ,¢4,¢5, 6, —=> —=» —=>» b10, $11, P12, —= :
V2 f V2 V2T V2 V2 V2 V2
T~ representations of the components
# = 1o, p2 = 11,
T1 = (P4, ¢5, ¢6) = 3, To = (é7, g8, ¢9) = 3,
T3 = (¢10, P11, P12) = 3.
The physical scalars are
Reo = —= (@1 +6() . Imoo = = —=(61-40) .
g1 = ¢2 )
1 Vit Viz Viz\ (T»
2| = (Va1 Va2 Vag T3] -
T3 Va1 Viz2 Vg Ty
The physical vectors are
1 . 1 .
" = \E(A';*IAQL) , Wi = E(AZL*MT) :
i .
wy T(A“—IA”) Wy = E(Ag—lAg) :
Andreas Trautner
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Toy model details
The VEV in this basis is simply

()1 = v and (¢); = 0 for i=2,...,15,

where

7 ~1/2
| = ux3 \/; <77\/15 A1+ 14V15 Az + 20v/6 Ay + 13V15 ,\5)

The masses of the physical states are

2 722

my = gg v® and m‘%v = g%v?.
2 2 2

MReoy — 2p”, Mimoy, = 0,
m?,l = — 2+ V15502 .

The massless mode is the goldstone boson of an additional U(1) symmetry of the
potential. It can be avoided by either

® gauging the additional U(1),
® or breaking it softly by a cubic coupling of ¢.
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Toy model details

T invariant couplings (w := e%i/fi)
’U92 —7i/6 3 2 ) )
Yoo ww* = 75 e diag(l, w, w?) , Yo ryrs = VYo, ryry diag(l, w, w?),
= _ 2
[YTSWW*LM [YT§WW*]232 - [YTSWW*]glg =V Yz ww*
Yoy ] =0 else) .
I:TZWW - ( )
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Toy model details

Yorrars = 50173 {v& [-14v10 (174 5V5i) A1 +84v30 (VB —1) A2
— 240 (1+\/§i) Ay — V10 (197—55\/§i) A }
+8V [28VI0 (1-V3i) A — 14V30i Az +112V3BiAg
- (30—26\/51) A4+ V10 (20—\/51) )\5}
+8V [28VI0 (14 V3i) AL — 14V30iAg — 16823
+(6+65\/§i) )\4—4\/5(1—2\/51) )\5]
+ 8 Vo Vas [—35\/E (1—\/51) ,\1+21\/%(\/§+i) o
— 56 (3+\/§i) A3 + 6 (1+17\/§i) >\47\/ﬁ(67+19\/§i) As}
T4V Vs [—zsm(2+\/§i) A1—42\/%(\/§+i) o
+ 30 (11+3\/§i) >\4—\/ﬁ(31+11\/§i) >\5]
— 8 V2o Vag [14VI0A1 — 14v30i A2
+10 (3+5\/§i) /\4+\/E(173\/§i) As]}
and

V2
Yrgwwr = = (2 Va1 + Vag +2Va3) .
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CP symmetries in settings with discrete G

there is
a class—
inverting u

Type II: u de-
fines a physical
CP transformation

Group G with au-
tomorphisms u

there is an
involutory u

= for which all
FSELI) are +1
Type I: generic settings
based on G do not Type II A: there is Type II B: there
allow for a physical a CP basis in which is no basis in which
CP transformation all CG’s are real all CG’s are real

(For details see [Chen, Fallbacher, Mahanthappa, Ratz, AT, '14])

Mathematical tool to decide: Twisted Frobenius-Schur indicator F'S,, (Backup slides)
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Twisted Frobenius—Schur indicator

Criterion to decide:  existence of a CP outer automorphism.
~ can be probed by computing the

“twisted Frobenius-Schur indicator” FS,,

FSu(r) = 15 3 Xrgu(s)

G
ge (X”(_q) : Character )
[Chen, Fallbacher, Mahanthappa, Ratz, AT, 2014]

FS,(r;) = +lor —1 Vi, = wu is good for CP,
vt different from +1, = wis no good for CP.

In analogy to the Frobenius—Schur indicator
FSX(ri) = 41, —1, 0 for real / pseudo—real / complex irrep.
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