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Maxwell equations as 

a source for symmetries

The study of free Maxwell equations:


             ,        


led to the discovery of profound symmetries of 
space-time

∂μFμν = 0 ϵμνρσ∂νFρσ = 0
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Lorentz and Poincaré transformations, 
Minkowski space-time

 


            


The group with 10 parameters: 4 translations, 3 
rotations, 3 boosts

xμ → x′￼μ = xμ + xμ
0 + Λμ

νxν
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translation Lorentz transformation



Conformal transformations

 


In 1908 Bateman and Cunningham discovered that the 
symmetry group of the Maxwell equations is, in fact, 
wider P ⇒ SO(4,2).  For infinitesimal transformations 



xμ → x′￼μ = xμ + xμ
0 + Λμ

νxν + λxμ + 2(a ⋅ x)xμ − x2aμ
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scale transformation special conformal transformation
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Change of the metric
The Jacobian of the conformal coordinate transformation is 
proportional to Lorentz transformation,


 ,


meaning that the metric transforms as: 


 .


For instance, for dilatations , and for special conformal 
transformations


 

∂x′￼μ

∂xν
= Λμ

νb(x)

g′￼μν(x′￼) = b2(x)ημν

b(x) = λ

b2(x) = 1 + 2(a ⋅ x) + a2x2
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Conformal field theories

CFT - quantum theories - are invariant with respect to 
conformal transformations, and the change of the (primary) 
fields with some internal spin s,


                 


Here  is a representation matrix acting on the indices of 
 with spin s, and  is the scaling dimension of the field.


Important: scale invariance (part of the conformal group) 
forbids the presence of any dimensionful parameters in the 
theory.

ϕ(x) → ϕ̃(x′￼) = b(x)−ΔR[Λμ
ν]ϕ(x)

R[Λμ
ν]

ϕ(x) Δ
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Applications of CFTs

•  Conformal symmetry restricts the form of 
different correlation functions.


•  CFTs are an indispensable tool to address the 
behaviour of many systems in the vicinity of the 
critical points associated with phase transitions. 


•  CFTs describe the limiting behaviour of different 
quantum field theories deeply in the ultraviolet 
(UV) and/or infrared (IR) domains of energy. 
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Could it be that CFTs are even more 
important and that the ultimate theory of 
Nature is conformal?

Why this question?


CFTs may be relevant for the solution of the most puzzling fine-tuning 
issues of fundamental particle physics


•  CFTs are theories without infinities.


•  The Lagrangian of the Standard Model is invariant under the full 
conformal group (at the classical level) if the mass of the Higgs 
boson is put to zero.  Perhaps, the observed smallness of the Fermi 
scale in comparison with the Planck scale is a consequence of this?


•  The energy of the ground state in CFTs is equal to zero. Perhaps,  
this is relevant for the explanation of the amazing smallness of the 
cosmological constant? 
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Could it be that CFTs are even more 
important and that the ultimate theory of 
Nature is conformal?

Challenges:


Conformal invariance forbids the presence of any inherent dimensionful 
parameters in the action of a CFT. Because of that, CFTs have neither 
fundamental scales nor a well-defined notion of particle states. On the 
other hand, Nature has both. 


 Scale of quantum gravity, related to Newtons constant,                        
GN = 6.7 x 10-39 GeV-2 , MP = 2.435 x 1018 GeV


 Fermi scale, associated with electroweak interactions,                         
GF = 1.17 x 10-5 GeV-2, MW = 80.38  GeV


 The cosmological constant, or vacuum energy, or Dark Energy,  
 ϵvac = (2.24 × 10−3eV)4
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Could it be that CFTs are even more 
important and that the ultimate theory of 
Nature is conformal?

Challenges:


Conformal symmetry is defined in the flat space-time. 
The ultimate theory must include gravity and arbitrary 
metric. A natural generalisation of conformal 
symmetry to curved space-time is the Weyl symmetry,


 


However, this symmetry is anomalous if quantum 
corrections are taken into account! (Duff et al)

gμν(x) → g′￼μν(x) = Ω2(x)gμν
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Hidden global symmetries

 Hidden (or spontaneously broken symmetries) are well known in 
physics.


Lagrangian is invariant, but the ground state is not.


Example: U(1) global symmetry, theory of a single complex scalar 
field. 


Different spectra:


•  Symmetric phase - charged under U(1) scalar particle, 2 degrees 
of freedom. 


•  Broken phase: massive neutral particle and massless scalar 
particle, the Goldstone boson, 2 degrees of freedom. 
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Hidden conformal invariance
Classically scale-invariant Lagrangian


 


Potential:





•  : vacuum is unique, symmetry is exact, no particle excitations


•  : vacuum is unstable


•  : vacuum is degenerate, flat direction:  . Conformal symmetry is 

spontaneously broken, the spectrum consists of one massive particle - the Higgs 
boson, and one massless particle - the dilaton

ℒ =
1
2

(∂μh)2 +
1
2

(∂μ χ)2 − V(h, χ)

V(h, χ) =
λ
4 (h2 −

α
λ

χ2)
2

+ βχ4,

β > 0

β < 0

β = 0 h2 =
α
λ

χ2
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Conformally-invariant Standard 
Model

Lowest order effective action:





with potential





•  Flat direction, needed for spontaneous breaking of conformal symmetry: 


•  Particle spectrum: the same as in the Standard Model + massless dilaton. 
Phenomenologically, we must require , i.e.  GeV, to decouple 
the dilaton.

ℒ = ℒSM|mH→0 +
1
2

(∂μ χ)2 − V(φ, χ)

V(φ, χ) = λ (φ†φ −
α
2λ

χ2)
2

+ βχ4

β = 0

α ≪ 1 ⟨χ⟩ ≫ 100
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Construction of quantum 
conformal action

The standard renormalisation procedure always introduces 
some scale: cut-off , or Pauli-Villars masses, or   in 
dimensional regularisation, serving to solve for the 
mismatch between the units for coupling constants in 
spaces of different dimensionalities. This scale breaks 
conformal symmetry.


The way to keep the conformal symmetry intact all orders 
of perturbation theory: use the field-dependent cutoff or 
normalisation point:   (Englert, Truffin, 
Gastmans, ’76, Wetterich ’88, Zenhäusern, M.S ’08, 
Gretsch, Monin, ’13)  

Λ μ

Λ ∝ χ, μ ∝ χ
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The resulting theory is not renormalisable, one needs to add an 
infinite number of counter-terms.


However: 


•  For  all counter-terms are suppressed by the 
dimensionful parameter  


•  We get an effective field theory valid up to the energy scale 
fixed by 


•  Gravity is non-renormalisable anyway, and making 
 GeV does not make the theory worse 

α ≪ 1
⟨χ⟩

⟨χ⟩

⟨χ⟩ ≃ MP ≃ 1019
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Construction of quantum 
conformal action



Low energy dilaton 

effective action

To see how gravity can be incorporated, we will need to have the 
low energy dilaton effective action. To find it, integrate out all 
massive states of the electroweak theory. Generic structure of 
conformally invariant terms:


•  no derivatives: one operator,  


•  two derivatives, one operator  - kinetic term


•  four derivatives: two operators,  and  
(related to the Weyl anomaly)


•  see M.S. and Anna Tokareva e-Print: 2201.09232 [hep-th] for 
arbitrary power of the box.

χ4

χ □ χ

(□log(χ))2 (□χ)2/χ2
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Conformal symmetry 

and gravity

The natural extension of the conformal group to arbitrary metric: make 
the coordinate transformations , which leave the metric  
invariant up to a conformal factor 





“Undo” the coordinate transformation with the use of diffeomorphism 
invariance of general relativity. Get the Weyl transformation of the metric,


 and consider arbitrary .


Looks like the Weyl symmetry is a natural extension of the conformal 
symmetry to curved space-time!

x′￼= F(x) gμν
Ω (x′￼)

gμν(x) = Ω (x′￼) g′￼λσ (x′￼)
∂Fλ

∂xμ

∂Fσ

∂xν

gμν(x) → g′￼μν(x) = Ω2(x)gμν Ω(x)
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Quantum Weyl  anomaly

•Consider the conformally invariant free theory of some 
matter fields (e.g. scalar or massless fermion, or 
electromagnetic field, etc)  in flat space-time, couple it 
to gravity in a Weyl-invariant way, and integrate out the 
matter fields getting an effective action for the metric. 


•  Result (Duff et al, ’77):  the renormalised action is not 
Weyl-invariant.  Weyl symmetry is anomalous and thus 
cannot be a symmetry of Nature. Perhaps, this can be 
cured by a specific particle content of the theory 
(supergravity,  Fradkin and Tseytlin ’84, other 
suggestions: Boyle and Turok ’21).    
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Easy way to understand

Weyl  anomaly

Construction of Weyl-invariant theories with dilaton


•Take an arbitrary Diff-invariant action constructed from the metric only - the pure 
gravity 


•  Replace the metric   by  . This theory is Weyl-invariant (under 
transformation  ) by construction. Example:  

 


• It is automatically conformal invariant if the metric is taken to be flat. Example: 



•  All operators of low energy dilaton theory in flat space-time, except one, can be 
constructed in this way


•  This mismatch tells that this particular operator cannot be written in a Weyl-invariant 
way, meaning that the Weyl symmetry cannot be the exact symmetry of Nature

gμν gμν χ2/M2
P

gμν → Ω2gμν, χ → Ω−1χ
M2

PR → χ2R + 6(∂χ)2

M2
PR → χ2R + 6(∂χ)2 → 6(∂χ)2
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The troublesome operator
Let us attempt to construct the dilaton action in this way, considering 
operators with 4 derivatives. There are 4 and only 4 pure gravity invariants 
with 4 derivatives:


 


only one of them ( ) will give a non-trivial result: 


•  is the Weyl invariant, 


• the Euler density  and  are the surface terms.


But we need to have 2 operators,  and  !


The conjecture that Nature is conformally invariant is killed 
by gravity?

R2, E4, WμνρσWμνρσ, and □ R

R2

W2

E4 □ R

(□log(χ))2 (□χ)2/χ2
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The potential flaw in the logic

•The conformal symmetry of flat space-time is the global 
symmetry, with a finite number of parameters 
characterising the transformation


•The Weyl symmetry is the local gauge symmetry with an 
infinite number of parameters (function)  characterising the 
transformation


The correct question to ask:


Is there a finite subgroup of the Weyl group, which generates 
anomaly-free transformations, and coincides with the 
conformal group of Minkowski space-time if the metric is flat?
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Anomaly free transformations

The troublesome action in flat space-time: 


Weyl-invariant generalisation for 





 Riegert operator, found 

by Fradkin and Tseytlin


Anomaly term is singular when ,  

∫ d4xτ □2 τ, τ = log(ϕ/μ)

D ≠ 4

lim
D→4 ∫ dDx −g [τΔ4τ + 2τ (−

1
6

□ R +
1
4

E4) +
R2

36
+ Lanom]

Δ4 = □2 + 2Rμν ∇μ ∇ν −
2
3

R□ +
1
3

(∇μR)∇μ

D = 4 Lanom =
E4

2(D − 4)
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Weyl transform of anomaly term

The infinitesimal Weyl transformation  of the 
anomaly term is


 


There is no way to construct a local operator in  with Weyl 
transformation properties of . 


Can we find  for which  is surface integral for 

arbitrary metric?


Ω = 1 + ω, ω ≪ 1

δωLanom =
1
2

E4ω

D = 4
Lanom

ω Eω = ∫ d4x −gE4ω
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Condition on anomaly-free 

Weyl transformation

Variation of  with respect to the metric,  after several 
integration by parts is





with





Anomaly is absent if and only if , but for arbitrary metric, this 
means that .  Note that for flat metric the solution corresponds 
to conformal transformation, , with c corresponding to 
dilatations, and  to special conformal transformations.

Eω gμν → gμν + hμν

δEω = ∫ d4x −ghμνΣμναβ ∇α ∇β ω

Σμναβ = 2R(gαμgβσ − gαβgμν) + 4Rμνgαβ + 4gμνRαβ − 8gμβRαν − 4Rμανβ

∇α ∇β ω = 0
ω = const

ω = c(1 + 2aμxμ)
aμ
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Equation for ω

                         


                  


Conclusion:                                                                                                          
Only scale symmetry may be a global symmetry of 
Nature.

∇α ∇β ω = 0 [∇γ ∇β]∇αω = Rβγλα ∇λω = 0

Rαβ ∇βω = 0 ω = const
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 Scale symmetry and 
phenomenology

The lowest order dilaton-gravity effective action





Important points:


•   is arbitrary (Weyl invariance would require -1/6).


•  The Planck scale is dynamically generated when scale is spontaneously broken.


•  The dilaton has only derivative couplings to matter and thus do not lead to any 
long-ranged fifth force.


•   is required for the cosmological constant to be small. Action in the 
Einstein frame: Einstein-Hilbert action with massless scalar field and the 
cosmological constant .

S = ∫ d4x −g [−
1
2

ζχ2R +
1
2

(∂μ χ)2 −
λ
4

χ4],

ζ

λ ≪ ≪ 1

∝ λ/ζ2M4
P
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Four  derivatives scale invariant

effective action










Here A, B, C, E, F, G, H, K and J are arbitrary dimensionless 
constants,  is the Einstein tensor, and  . Third line: 
operators admitted by conformal invariance in flat space-time.

S = ∫ d4x −g [AR □ τ + CR(∂μτ)2) + BGμν∂μτ∂ντ+

+KτE4 + ER2 + FW2
μνλρ + G((∂μτ)2)2+

+H(□τ)2 + J(□τ + (∂μτ)2)2]

Gμν τ = log χ
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“Complete” scale-invariant 
theory

33



Scale-invariant Lagrangian







Gravity part: (  - the Higgs field, )





ℒνMSM = ℒSM[M→0] + ℒG +
1
2

(∂μχ)2 − V(φ, χ)+

(N̄Iiγμ∂μNI − hαI L̄αNIφ̃ − fIN̄I
cNI χ + h . c . )

φ φ†ϕ = h2

ℒG = − (ξχ χ2 + 2ξhφ†φ) R
2
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Roles of different particles 
 Dilaton:


•  determine the Planck mass


•  give mass to the Higgs boson


•  give masses to 3 Majorana leptons 


Higgs Boson:


•  give masses to fermions and vector bosons of the SM 


•  provide inflation 


Majorana leptons:


•  give masses to neutrinos


•  provide dark matter candidate


•  lead to baryon asymmetry of the Universe
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Conclusions

•  The global scale symmetry is the only anomaly-
free extension of the conformal symmetry of flat 
space-time to curved space-time. It can be kept 
at a quantum level even if dynamical gravity is 
present. 


•  If spontaneously broken, the scale symmetry is 
consistent with all available experiments and 
observations and thus may play a role as the 
global symmetry of Nature. 
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Challenges

•  What is the reason for the existence of the flat 
direction along the dilaton field, required for the 
very possibility of spontaneous breaking of scale 
symmetry? This is related closely to the 
cosmological constant problem. 


•  Yet another difficult task is building the 
connection between the low energy effective 
theory with spontaneously broken scale symmetry 
and its high energy limit hopefully leading to UV 
complete CFT with restored scale invariance. 
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