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Plan of the talk

• PBHs in the LIGO/Virgo mass range and  GWs from 
mergers

• PBHs in the light mass range and the stochastic 
background of GWs 

In collaboration with V. De Luca, V. Desjacques, G. Franciolini, and P. Pani
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Black Holes
• Astrophysical BHs forms from the gravitational collapse of a star. We 

know they exist. Their mass must be  above the Chandrasekhar limit, 

• PBHs are formed in the early universe. Their mass can be small and 
they can still be around as long as they do not evaporate within the age 
of the universe

• Can  PBHs account for some of the LIGO/Virgo events?  

• How to distinguish PBHs from astrophysical BHs?

• Can PBHs be the dark matter? 
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PBHs
Primordial black holes can compose 
all the dark matter (or a fraction of it) 
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Assumption through out the seminar: 

PBHs are originated from peaks of the  density contrast

PBHs are rare events, tail of the distribution 

One possible mechanism: large fluctuations from inflation 

�⇢
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Lot of work to go beyond the standard  Gaussian lore 
See  Musco et al. (2020) for a simple prescription to calculate the threshold,

including horizon crossing non-linear effects 

Assumption through out the seminar: 
 

PBHs are originated from peaks of the  density contrast
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⇢̄
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Properties of PBHs at formation



The PBH mass function at formation

Mass distribution dependent on the curvature 
perturbation spectrum and statistical properties

Standard parametrisation

May have different forms, e.g. if the curvature perturbation
is broad, but still peaked at a given mass

 De Luca et al. (2020) 

 (MPBH) =
1p

2⇡MPBH

exp

✓
� ln2(MPBH/Mc)

2�2

◆
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• PBHs originate from peaks, that is from maxima of the local density 
contrast. Need peak theory to obtain the probability distribution of the 
spin

• The spin results from the action of the torques generated by the  
gravitational tidal forces upon horizon crossing

• It is a first-order effect in perturbation theory when accounting for the 
fact that the collapse is not spherical

The spin of PBHs at formation is small

  De Luca et al. (2018) 

�i ⇠ 10�2
p

1� �2

Shape of the density power spectrum

~� = ~S/GNM2
PBH
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PBHs are not clustered at formation

Horizons 

with Desjaques  (2018) 
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�D(~x) + ⇠(x, z).

PBHs = discrete tracers 



PBHs in the LIGO/Virgo mass range 
and GWs from mergers:
the GWTC-2 catalogue
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GW150914, LIGO (2016)

Waveforms dependent 
on the binary event parameters
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Redshift
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Observed mergers 
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can decouple from

Hubble flow

Accretion
Mergers

Change of PBH 
parameters

PBH evolution



For                  PBHs coexist with another DM component in the universe
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fPBH < 1

A DM halo builds up around the PBHs
enhancing accretion

(larger gravitational potential well)
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Mh(z) t 3MPBH
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1000

1 + z

◆

Bondy-Hoyle accretion from the 
surrounding baryonic fluid
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Ricotti et al. (2005)

Accretion onto isolated PBHs



Accretion on the system enhances the
 gas density around the PBH binary

Accretion on the sigle PBH modulated 
by masses and orbital velocities
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1p

2(1 + q)
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• PBH can experience accretion for 
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M & O(10)M�

• The smaller PBH always experiences a larger relative accretion

Accretion onto PBH binaries



Structure formation
reionization epoch

• Virialised velocities
• Higher temperatures

Strong suppression around
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Uncertainties 
in the accretion model 

accounted for by 
varying the cut-off

Hasinger (2020)
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Non-linear mass evolution enhances large-mass tails

PBH mass function evolution



Large impact on masses, 
depending on the strength

of accretion
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Evolution of the mass ratio 
distribution towards equal-masses

Same MF initial width, at larger masses

PBH mass  evolution in binaries



If matter angular momentum is 
large enough, an accreting disk forms, 

leading to a spin growth 

Angular momentum transfer
between gas and PBH
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�̇ = g(�)
Ṁ

M
by solving the geodesic model of disk accretion

PBH spin evolution

Bardeen et al.  (1972) 
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Spins pushed towards extremality

De Luca et al.   (2020) 

• Uncorrelated spin orientation
• Effective spin spreads around zero
• Accretion: low/large mass - low/large spin correlation



• Accretion hardens the binaries
• Larger masses leads to shorter mergers

• Initial spatial Poisson distribution
• Random decoupling of binary systems
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Compute probability of decoupling
and the binary initial geometry

• Semi-major axis
• Eccentricity

Merger rate

 Raidal et al  (2018) 

  De Luca et al.  (2020) 



GWTC-2=O1+O2+O3a



Bayesian evidence in GWTC-2 catalogue

  De Luca  et al.  (2021) 

• Hierarchical Bayesian analysis in the GWTC-2 
catalogue to investigate the presence of Astro BHs 
and PBH events in the data 

• Same exercise done with more astrophysical 
models: multiple channels needed

 Zevin et al.  (2021) 



Bayesian evidence in GWTC-2 catalogue

 De Luca  et al.  (2021) 

• Hierarchical Bayesian analysis in the GWTC-2 
catalogue to investigate the presence of Astro BHs 
and PBH events in the data 

• Same exercise done with more astrophysical 
models: multiple channels needed

• Astrophysical phenomenological Truncated plus 
Gaussian-spin model adopted as well by the LIGO-
Virgo collaboration

 Zevin et al.  (2021) 

dRABH

dm1dm2dz
= NR0(1 + z)(m1 +m2)

↵


m1m2

(m1 +m2)2

��
 (m1) (m2)
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Bayesian evidence in GWTC-2 catalogue

 De Luca  et al.  (2021) 

• Hierarchical Bayesian analysis in the GWTC-2 
catalogue to investigate the presence of Astro BHs 
and PBH events in the data 

• Same exercise done with more astrophysical 
models: multiple channels needed

• Astrophysical phenomenological Truncated plus 
Gaussian-spin Model adopted as well by the LIGO-
Virgo collaboration

 Zevin et al.  (2021) 



Bayesian evidence in GWTC-2

Event parameters 

Population Hyperparameters 

m1
<latexit sha1_base64="pRjpDAf7ggSJ1L/IbVS8tKr2Fl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGNA9IljA7mU2GzMwuM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmGG+wRCamHVHLpdC8gQIlb6eGUxVJ3opGtzO/9cSNFYl+xHHKQ0UHWsSCUXTSg+oFvXLFr/pzkFUS5KQCOeq98le3n7BMcY1MUms7gZ9iOKEGBZN8WupmlqeUjeiAdxzVVHEbTuanTsmZU/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOmUXAjB8surpHlRDfxqcH9Zqd3kcRThBE7hHAK4ghrcQR0awGAAz/AKb570Xrx372PRWvDymWP4A+/zB/gqjYw=</latexit><latexit sha1_base64="pRjpDAf7ggSJ1L/IbVS8tKr2Fl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGNA9IljA7mU2GzMwuM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmGG+wRCamHVHLpdC8gQIlb6eGUxVJ3opGtzO/9cSNFYl+xHHKQ0UHWsSCUXTSg+oFvXLFr/pzkFUS5KQCOeq98le3n7BMcY1MUms7gZ9iOKEGBZN8WupmlqeUjeiAdxzVVHEbTuanTsmZU/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOmUXAjB8surpHlRDfxqcH9Zqd3kcRThBE7hHAK4ghrcQR0awGAAz/AKb570Xrx372PRWvDymWP4A+/zB/gqjYw=</latexit><latexit sha1_base64="pRjpDAf7ggSJ1L/IbVS8tKr2Fl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGNA9IljA7mU2GzMwuM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmGG+wRCamHVHLpdC8gQIlb6eGUxVJ3opGtzO/9cSNFYl+xHHKQ0UHWsSCUXTSg+oFvXLFr/pzkFUS5KQCOeq98le3n7BMcY1MUms7gZ9iOKEGBZN8WupmlqeUjeiAdxzVVHEbTuanTsmZU/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOmUXAjB8surpHlRDfxqcH9Zqd3kcRThBE7hHAK4ghrcQR0awGAAz/AKb570Xrx372PRWvDymWP4A+/zB/gqjYw=</latexit><latexit sha1_base64="pRjpDAf7ggSJ1L/IbVS8tKr2Fl4=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGNA9IljA7mU2GzMwuM71CCPkELx4U8eoXefNvnCR70MSChqKqm+6uKJXCou9/e4W19Y3NreJ2aWd3b/+gfHjUtElmGG+wRCamHVHLpdC8gQIlb6eGUxVJ3opGtzO/9cSNFYl+xHHKQ0UHWsSCUXTSg+oFvXLFr/pzkFUS5KQCOeq98le3n7BMcY1MUms7gZ9iOKEGBZN8WupmlqeUjeiAdxzVVHEbTuanTsmZU/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOmUXAjB8surpHlRDfxqcH9Zqd3kcRThBE7hHAK4ghrcQR0awGAAz/AKb570Xrx372PRWvDymWP4A+/zB/gqjYw=</latexit>

m2
<latexit sha1_base64="g43OVqgzelywvAs+sMnErzFgohM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gqLeAF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2iQzjDdYIhPTjqjlUmjeQIGSt1PDqYokb0Wj25nfeuLGikQ/4jjloaIDLWLBKDrpQfWqvVLZr/hzkFUS5KQMOeq90le3n7BMcY1MUms7gZ9iOKEGBZN8WuxmlqeUjeiAdxzVVHEbTuanTsm5U/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOkUXQjB8surpFmtBH4luL8s127yOApwCmdwAQFcQQ3uoA4NYDCAZ3iFN096L96797FoXfPymRP4A+/zB/mujY0=</latexit><latexit sha1_base64="g43OVqgzelywvAs+sMnErzFgohM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gqLeAF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2iQzjDdYIhPTjqjlUmjeQIGSt1PDqYokb0Wj25nfeuLGikQ/4jjloaIDLWLBKDrpQfWqvVLZr/hzkFUS5KQMOeq90le3n7BMcY1MUms7gZ9iOKEGBZN8WuxmlqeUjeiAdxzVVHEbTuanTsm5U/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOkUXQjB8surpFmtBH4luL8s127yOApwCmdwAQFcQQ3uoA4NYDCAZ3iFN096L96797FoXfPymRP4A+/zB/mujY0=</latexit><latexit sha1_base64="g43OVqgzelywvAs+sMnErzFgohM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gqLeAF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2iQzjDdYIhPTjqjlUmjeQIGSt1PDqYokb0Wj25nfeuLGikQ/4jjloaIDLWLBKDrpQfWqvVLZr/hzkFUS5KQMOeq90le3n7BMcY1MUms7gZ9iOKEGBZN8WuxmlqeUjeiAdxzVVHEbTuanTsm5U/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOkUXQjB8surpFmtBH4luL8s127yOApwCmdwAQFcQQ3uoA4NYDCAZ3iFN096L96797FoXfPymRP4A+/zB/mujY0=</latexit><latexit sha1_base64="g43OVqgzelywvAs+sMnErzFgohM=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBA8hd0gqLeAF48RzQOSJcxOZpMhM7PLTK8QQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSqWw6Pvf3tr6xubWdmGnuLu3f3BYOjpu2iQzjDdYIhPTjqjlUmjeQIGSt1PDqYokb0Wj25nfeuLGikQ/4jjloaIDLWLBKDrpQfWqvVLZr/hzkFUS5KQMOeq90le3n7BMcY1MUms7gZ9iOKEGBZN8WuxmlqeUjeiAdxzVVHEbTuanTsm5U/okTowrjWSu/p6YUGXtWEWuU1Ec2mVvJv7ndTKMr8OJ0GmGXLPFojiTBBMy+5v0heEM5dgRyoxwtxI2pIYydOkUXQjB8surpFmtBH4luL8s127yOApwCmdwAQFcQQ3uoA4NYDCAZ3iFN096L96797FoXfPymRP4A+/zB/mujY0=</latexit>

�eff
<latexit sha1_base64="EU+jaFL/AYf5gy95i7RztFBbOn0=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCGoXsLGMYBIhF8LeZi5Zsrd37M6J4Qg2/hUbC0Vs/RV2/hs3H4UmPhjm8d4Mu/PCVAqDnvftFJaWV1bXiuuljc2t7R13d69hkkxzqPNEJvouZAakUFBHgRLuUg0sDiU0w8HV2G/egzYiUbc4TKEds54SkeAMrdRxDwLeF508QHhAHdsu1JBCFI1GHbfsVbwJ6CLxZ6RMZqh13K+gm/AsBoVcMmNavpdiO2caBZcwKgWZgZTxAetBy1LFYjDtfHLCiB5bpUujRNtSSCfq742cxcYM49BOxgz7Zt4bi/95rQyji3YuVJohKD59KMokxYSO86BdoYGjHFrCuBb2r5T3mWYcbWolG4I/f/IiaZxWfK/i35yVq5ezOIrkkByRE+KTc1Il16RG6oSTR/JMXsmb8+S8OO/Ox3S04Mx29skfOJ8/O6iX7A==</latexit><latexit sha1_base64="EU+jaFL/AYf5gy95i7RztFBbOn0=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCGoXsLGMYBIhF8LeZi5Zsrd37M6J4Qg2/hUbC0Vs/RV2/hs3H4UmPhjm8d4Mu/PCVAqDnvftFJaWV1bXiuuljc2t7R13d69hkkxzqPNEJvouZAakUFBHgRLuUg0sDiU0w8HV2G/egzYiUbc4TKEds54SkeAMrdRxDwLeF508QHhAHdsu1JBCFI1GHbfsVbwJ6CLxZ6RMZqh13K+gm/AsBoVcMmNavpdiO2caBZcwKgWZgZTxAetBy1LFYjDtfHLCiB5bpUujRNtSSCfq742cxcYM49BOxgz7Zt4bi/95rQyji3YuVJohKD59KMokxYSO86BdoYGjHFrCuBb2r5T3mWYcbWolG4I/f/IiaZxWfK/i35yVq5ezOIrkkByRE+KTc1Il16RG6oSTR/JMXsmb8+S8OO/Ox3S04Mx29skfOJ8/O6iX7A==</latexit><latexit sha1_base64="EU+jaFL/AYf5gy95i7RztFBbOn0=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCGoXsLGMYBIhF8LeZi5Zsrd37M6J4Qg2/hUbC0Vs/RV2/hs3H4UmPhjm8d4Mu/PCVAqDnvftFJaWV1bXiuuljc2t7R13d69hkkxzqPNEJvouZAakUFBHgRLuUg0sDiU0w8HV2G/egzYiUbc4TKEds54SkeAMrdRxDwLeF508QHhAHdsu1JBCFI1GHbfsVbwJ6CLxZ6RMZqh13K+gm/AsBoVcMmNavpdiO2caBZcwKgWZgZTxAetBy1LFYjDtfHLCiB5bpUujRNtSSCfq742cxcYM49BOxgz7Zt4bi/95rQyji3YuVJohKD59KMokxYSO86BdoYGjHFrCuBb2r5T3mWYcbWolG4I/f/IiaZxWfK/i35yVq5ezOIrkkByRE+KTc1Il16RG6oSTR/JMXsmb8+S8OO/Ox3S04Mx29skfOJ8/O6iX7A==</latexit><latexit sha1_base64="EU+jaFL/AYf5gy95i7RztFBbOn0=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCGoXsLGMYBIhF8LeZi5Zsrd37M6J4Qg2/hUbC0Vs/RV2/hs3H4UmPhjm8d4Mu/PCVAqDnvftFJaWV1bXiuuljc2t7R13d69hkkxzqPNEJvouZAakUFBHgRLuUg0sDiU0w8HV2G/egzYiUbc4TKEds54SkeAMrdRxDwLeF508QHhAHdsu1JBCFI1GHbfsVbwJ6CLxZ6RMZqh13K+gm/AsBoVcMmNavpdiO2caBZcwKgWZgZTxAetBy1LFYjDtfHLCiB5bpUujRNtSSCfq742cxcYM49BOxgz7Zt4bi/95rQyji3YuVJohKD59KMokxYSO86BdoYGjHFrCuBb2r5T3mWYcbWolG4I/f/IiaZxWfK/i35yVq5ezOIrkkByRE+KTc1Il16RG6oSTR/JMXsmb8+S8OO/Ox3S04Mx29skfOJ8/O6iX7A==</latexit>

z
<latexit sha1_base64="yD0zESwSFpmhHM5lhB+25XKpYEM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bsB/QhrLZTtq1m03Y3Qg19Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkSleSzvzSRBP6JDyUPOqLFS46lfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH5oyM9Q==</latexit><latexit sha1_base64="yD0zESwSFpmhHM5lhB+25XKpYEM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bsB/QhrLZTtq1m03Y3Qg19Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkSleSzvzSRBP6JDyUPOqLFS46lfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH5oyM9Q==</latexit><latexit sha1_base64="yD0zESwSFpmhHM5lhB+25XKpYEM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bsB/QhrLZTtq1m03Y3Qg19Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkSleSzvzSRBP6JDyUPOqLFS46lfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH5oyM9Q==</latexit><latexit sha1_base64="yD0zESwSFpmhHM5lhB+25XKpYEM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG8FLx5bsB/QhrLZTtq1m03Y3Qg19Bd48aCIV3+SN/+N2zYHbX0w8Hhvhpl5QSK4Nq777RTW1jc2t4rbpZ3dvf2D8uFRS8epYthksYhVJ6AaBZfYNNwI7CQKaRQIbAfj25nffkSleSzvzSRBP6JDyUPOqLFS46lfrrhVdw6ySrycVCBHvV/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJ66LquVWvcVmp3eRxFOEETuEcPLiCGtxBHZrAAOEZXuHNeXBenHfnY9FacPKZY/gD5/MH5oyM9Q==</latexit>

Mc
<latexit sha1_base64="38Sja1Dlpsog6UlhuWJ+J88qQ8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXrwIFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LRzNJ0I/oUPKQM2qs9HDXZ/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpaF1XPrXr3l5X6dR5HEU7gFM7BgxrU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8TQY2e</latexit><latexit sha1_base64="38Sja1Dlpsog6UlhuWJ+J88qQ8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXrwIFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LRzNJ0I/oUPKQM2qs9HDXZ/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpaF1XPrXr3l5X6dR5HEU7gFM7BgxrU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8TQY2e</latexit><latexit sha1_base64="38Sja1Dlpsog6UlhuWJ+J88qQ8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXrwIFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LRzNJ0I/oUPKQM2qs9HDXZ/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpaF1XPrXr3l5X6dR5HEU7gFM7BgxrU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8TQY2e</latexit><latexit sha1_base64="38Sja1Dlpsog6UlhuWJ+J88qQ8c=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqN4KXrwIFe0HtKFstpN26WYTdjdCCf0JXjwo4tVf5M1/47bNQVsfDDzem2FmXpAIro3rfjuFtfWNza3idmlnd2//oHx41NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Gbmt59QaR7LRzNJ0I/oUPKQM2qs9HDXZ/1yxa26c5BV4uWkAjka/fJXbxCzNEJpmKBadz03MX5GleFM4LTUSzUmlI3pELuWShqh9rP5qVNyZpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjlZ1wmqUHJFovCVBATk9nfZMAVMiMmllCmuL2VsBFVlBmbTsmG4C2/vEpaF1XPrXr3l5X6dR5HEU7gFM7BgxrU4RYa0AQGQ3iGV3hzhPPivDsfi9aCk88cwx84nz8TQY2e</latexit>

�
<latexit sha1_base64="2q7OxZZe0I4VST2uDEnE5QWzJw0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGMA9IljA7mU3GzGOZmRWWJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkduZ3nqg2TMkHmyU0FHgkWcwItk5q9w0bCTyo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ1zrC0jnE4r/dTQBJMJHtGeoxILasJ8fu0UnTlliGKlXUmL5urviRwLYzIRuU6B7dgsezPxP6+X2vg6zJlMUkslWSyKU46sQrPX0ZBpSizPHMFEM3crImOsMbEuoIoLIVh+eZW0L+qBXw/uL2uNmyKOMpzAKZxDAFfQgDtoQgsIPMIzvMKbp7wX7937WLSWvGLmGP7A+/wBmaqPGg==</latexit><latexit sha1_base64="2q7OxZZe0I4VST2uDEnE5QWzJw0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGMA9IljA7mU3GzGOZmRWWJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkduZ3nqg2TMkHmyU0FHgkWcwItk5q9w0bCTyo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ1zrC0jnE4r/dTQBJMJHtGeoxILasJ8fu0UnTlliGKlXUmL5urviRwLYzIRuU6B7dgsezPxP6+X2vg6zJlMUkslWSyKU46sQrPX0ZBpSizPHMFEM3crImOsMbEuoIoLIVh+eZW0L+qBXw/uL2uNmyKOMpzAKZxDAFfQgDtoQgsIPMIzvMKbp7wX7937WLSWvGLmGP7A+/wBmaqPGg==</latexit><latexit sha1_base64="2q7OxZZe0I4VST2uDEnE5QWzJw0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGMA9IljA7mU3GzGOZmRWWJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkduZ3nqg2TMkHmyU0FHgkWcwItk5q9w0bCTyo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ1zrC0jnE4r/dTQBJMJHtGeoxILasJ8fu0UnTlliGKlXUmL5urviRwLYzIRuU6B7dgsezPxP6+X2vg6zJlMUkslWSyKU46sQrPX0ZBpSizPHMFEM3crImOsMbEuoIoLIVh+eZW0L+qBXw/uL2uNmyKOMpzAKZxDAFfQgDtoQgsIPMIzvMKbp7wX7937WLSWvGLmGP7A+/wBmaqPGg==</latexit><latexit sha1_base64="2q7OxZZe0I4VST2uDEnE5QWzJw0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN4CXjxGMA9IljA7mU3GzGOZmRWWJf/gxYMiXv0fb/6Nk2QPmljQUFR1090VJZwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUo1oS2iuNLdCBvKmaQtyyyn3URTLCJOO9HkduZ3nqg2TMkHmyU0FHgkWcwItk5q9w0bCTyo1vy6PwdaJUFBalCgOah+9YeKpIJKSzg2phf4iQ1zrC0jnE4r/dTQBJMJHtGeoxILasJ8fu0UnTlliGKlXUmL5urviRwLYzIRuU6B7dgsezPxP6+X2vg6zJlMUkslWSyKU46sQrPX0ZBpSizPHMFEM3crImOsMbEuoIoLIVh+eZW0L+qBXw/uL2uNmyKOMpzAKZxDAFfQgDtoQgsIPMIzvMKbp7wX7937WLSWvGLmGP7A+/wBmaqPGg==</latexit>

fPBH
<latexit sha1_base64="U+O8vKFvKw1gA7GSVmepP/IV3/0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoO6KbrqsYB/QhjKZTtqhk0mYuRFDzMJfceNCEbf+hjv/xmmbhbYeuNzDOfcyd44fC67Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3E799z5TmkbyDNGZeSIaSB5wSMFLfPgz6WQ/YA6jQdC5T3Liu53nfrjhVZwq8SNyCVFCBRt/+6g0imoRMAhVE667rxOBlRAGnguXlXqJZTOiYDFnXUElCpr1sen+OT4wywEGkTEnAU/X3RkZCrdPQN5MhgZGe9ybif143geDSy7iME2CSzh4KEoEhwpMw8IArRkGkhhCquLkV0xFRhIKJrGxCcOe/vEhaZ1XXqbq355XaVRFHCR2hY3SKXHSBaqiOGqiJKHpEz+gVvVlP1ov1bn3MRpesYucA/YH1+QNoupZN</latexit><latexit sha1_base64="U+O8vKFvKw1gA7GSVmepP/IV3/0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoO6KbrqsYB/QhjKZTtqhk0mYuRFDzMJfceNCEbf+hjv/xmmbhbYeuNzDOfcyd44fC67Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3E799z5TmkbyDNGZeSIaSB5wSMFLfPgz6WQ/YA6jQdC5T3Liu53nfrjhVZwq8SNyCVFCBRt/+6g0imoRMAhVE667rxOBlRAGnguXlXqJZTOiYDFnXUElCpr1sen+OT4wywEGkTEnAU/X3RkZCrdPQN5MhgZGe9ybif143geDSy7iME2CSzh4KEoEhwpMw8IArRkGkhhCquLkV0xFRhIKJrGxCcOe/vEhaZ1XXqbq355XaVRFHCR2hY3SKXHSBaqiOGqiJKHpEz+gVvVlP1ov1bn3MRpesYucA/YH1+QNoupZN</latexit><latexit sha1_base64="U+O8vKFvKw1gA7GSVmepP/IV3/0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoO6KbrqsYB/QhjKZTtqhk0mYuRFDzMJfceNCEbf+hjv/xmmbhbYeuNzDOfcyd44fC67Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3E799z5TmkbyDNGZeSIaSB5wSMFLfPgz6WQ/YA6jQdC5T3Liu53nfrjhVZwq8SNyCVFCBRt/+6g0imoRMAhVE667rxOBlRAGnguXlXqJZTOiYDFnXUElCpr1sen+OT4wywEGkTEnAU/X3RkZCrdPQN5MhgZGe9ybif143geDSy7iME2CSzh4KEoEhwpMw8IArRkGkhhCquLkV0xFRhIKJrGxCcOe/vEhaZ1XXqbq355XaVRFHCR2hY3SKXHSBaqiOGqiJKHpEz+gVvVlP1ov1bn3MRpesYucA/YH1+QNoupZN</latexit><latexit sha1_base64="U+O8vKFvKw1gA7GSVmepP/IV3/0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5KIoO6KbrqsYB/QhjKZTtqhk0mYuRFDzMJfceNCEbf+hjv/xmmbhbYeuNzDOfcyd44fC67Bcb6tpeWV1bX10kZ5c2t7Z9fe22/pKFGUNWkkItXxiWaCS9YEDoJ1YsVI6AvW9sc3E799z5TmkbyDNGZeSIaSB5wSMFLfPgz6WQ/YA6jQdC5T3Liu53nfrjhVZwq8SNyCVFCBRt/+6g0imoRMAhVE667rxOBlRAGnguXlXqJZTOiYDFnXUElCpr1sen+OT4wywEGkTEnAU/X3RkZCrdPQN5MhgZGe9ybif143geDSy7iME2CSzh4KEoEhwpMw8IArRkGkhhCquLkV0xFRhIKJrGxCcOe/vEhaZ1XXqbq355XaVRFHCR2hY3SKXHSBaqiOGqiJKHpEz+gVvVlP1ov1bn3MRpesYucA/YH1+QNoupZN</latexit>

zcut-off
<latexit sha1_base64="WUBXTr7V0Tne3AasBoW+kArjzcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSQiqLuCG5cV7APaECbTSTt0MgkzN2INATf+ihsXirj1J9z5N07bLLT1wOUezrmXmXuCRHANjvNtLSwuLa+sltbK6xubW9v2zm5Tx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8GvutO6Y0j+UtjBLmRaQvecgpASP59v6Dn3WB3YOKTOdyhGkKJ3EY5rlvV5yqMwGeJ25BKqhA3be/ur2YphGTQAXRuuM6CXgZUcCpYHm5m2qWEDokfdYxVJKIaS+b3JDjI6P0cBgrUxLwRP29kZFI61EUmMmIwEDPemPxP6+TQnjhZVwmKTBJpw+FqcAQ43EguMcVoyBGhhCquPkrpgOiCAUTW9mE4M6ePE+ap1XXqbo3Z5XaZRFHCR2gQ3SMXHSOauga1VEDUfSIntErerOerBfr3fqYji5Yxc4e+gPr8wcTVphj</latexit><latexit sha1_base64="WUBXTr7V0Tne3AasBoW+kArjzcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSQiqLuCG5cV7APaECbTSTt0MgkzN2INATf+ihsXirj1J9z5N07bLLT1wOUezrmXmXuCRHANjvNtLSwuLa+sltbK6xubW9v2zm5Tx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8GvutO6Y0j+UtjBLmRaQvecgpASP59v6Dn3WB3YOKTOdyhGkKJ3EY5rlvV5yqMwGeJ25BKqhA3be/ur2YphGTQAXRuuM6CXgZUcCpYHm5m2qWEDokfdYxVJKIaS+b3JDjI6P0cBgrUxLwRP29kZFI61EUmMmIwEDPemPxP6+TQnjhZVwmKTBJpw+FqcAQ43EguMcVoyBGhhCquPkrpgOiCAUTW9mE4M6ePE+ap1XXqbo3Z5XaZRFHCR2gQ3SMXHSOauga1VEDUfSIntErerOerBfr3fqYji5Yxc4e+gPr8wcTVphj</latexit><latexit sha1_base64="WUBXTr7V0Tne3AasBoW+kArjzcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSQiqLuCG5cV7APaECbTSTt0MgkzN2INATf+ihsXirj1J9z5N07bLLT1wOUezrmXmXuCRHANjvNtLSwuLa+sltbK6xubW9v2zm5Tx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8GvutO6Y0j+UtjBLmRaQvecgpASP59v6Dn3WB3YOKTOdyhGkKJ3EY5rlvV5yqMwGeJ25BKqhA3be/ur2YphGTQAXRuuM6CXgZUcCpYHm5m2qWEDokfdYxVJKIaS+b3JDjI6P0cBgrUxLwRP29kZFI61EUmMmIwEDPemPxP6+TQnjhZVwmKTBJpw+FqcAQ43EguMcVoyBGhhCquPkrpgOiCAUTW9mE4M6ePE+ap1XXqbo3Z5XaZRFHCR2gQ3SMXHSOauga1VEDUfSIntErerOerBfr3fqYji5Yxc4e+gPr8wcTVphj</latexit><latexit sha1_base64="WUBXTr7V0Tne3AasBoW+kArjzcE=">AAACA3icbVDLSsNAFJ34rPUVdaebwSK4sSQiqLuCG5cV7APaECbTSTt0MgkzN2INATf+ihsXirj1J9z5N07bLLT1wOUezrmXmXuCRHANjvNtLSwuLa+sltbK6xubW9v2zm5Tx6mirEFjEat2QDQTXLIGcBCsnShGokCwVjC8GvutO6Y0j+UtjBLmRaQvecgpASP59v6Dn3WB3YOKTOdyhGkKJ3EY5rlvV5yqMwGeJ25BKqhA3be/ur2YphGTQAXRuuM6CXgZUcCpYHm5m2qWEDokfdYxVJKIaS+b3JDjI6P0cBgrUxLwRP29kZFI61EUmMmIwEDPemPxP6+TQnjhZVwmKTBJpw+FqcAQ43EguMcVoyBGhhCquPkrpgOiCAUTW9mE4M6ePE+ap1XXqbo3Z5XaZRFHCR2gQ3SMXHSOauga1VEDUfSIntErerOerBfr3fqYji5Yxc4e+gPr8wcTVphj</latexit>

~�
<latexit sha1_base64="8kklx8zDN81aJhk3CFaonRbHUII=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjK11rorunFZwT6gM5RMJm1DM5kxyRTK0O9w40IRt36MO//GTDuCih4IHM45l3tz/JgzpRH6sAorq2vrG8XN0tb2zu5eef+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353SmVikXiTs9i6oV4JNiQEayN5LlTSlKXm3yA54NyBdmXjTo6cyCy0QIZqVXr5wg6uVIBOVqD8rsbRCQJqdCEY6X6Doq1l2KpGeF0XnITRWNMJnhE+4YKHFLlpYuj5/DEKAEcRtI8oeFC/T6R4lCpWeibZIj1WP32MvEvr5/oYcNLmYgTTQVZLhomHOoIZg3AgElKNJ8Zgolk5lZIxlhiok1PJVPC10/h/6RTtR1kO7e1SvMqr6MIjsAxOAUOuABNcANaoA0IuAcP4Ak8W1Pr0XqxXpfRgpXPHIIfsN4+AVedknc=</latexit><latexit sha1_base64="8kklx8zDN81aJhk3CFaonRbHUII=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjK11rorunFZwT6gM5RMJm1DM5kxyRTK0O9w40IRt36MO//GTDuCih4IHM45l3tz/JgzpRH6sAorq2vrG8XN0tb2zu5eef+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353SmVikXiTs9i6oV4JNiQEayN5LlTSlKXm3yA54NyBdmXjTo6cyCy0QIZqVXr5wg6uVIBOVqD8rsbRCQJqdCEY6X6Doq1l2KpGeF0XnITRWNMJnhE+4YKHFLlpYuj5/DEKAEcRtI8oeFC/T6R4lCpWeibZIj1WP32MvEvr5/oYcNLmYgTTQVZLhomHOoIZg3AgElKNJ8Zgolk5lZIxlhiok1PJVPC10/h/6RTtR1kO7e1SvMqr6MIjsAxOAUOuABNcANaoA0IuAcP4Ak8W1Pr0XqxXpfRgpXPHIIfsN4+AVedknc=</latexit><latexit sha1_base64="8kklx8zDN81aJhk3CFaonRbHUII=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjK11rorunFZwT6gM5RMJm1DM5kxyRTK0O9w40IRt36MO//GTDuCih4IHM45l3tz/JgzpRH6sAorq2vrG8XN0tb2zu5eef+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353SmVikXiTs9i6oV4JNiQEayN5LlTSlKXm3yA54NyBdmXjTo6cyCy0QIZqVXr5wg6uVIBOVqD8rsbRCQJqdCEY6X6Doq1l2KpGeF0XnITRWNMJnhE+4YKHFLlpYuj5/DEKAEcRtI8oeFC/T6R4lCpWeibZIj1WP32MvEvr5/oYcNLmYgTTQVZLhomHOoIZg3AgElKNJ8Zgolk5lZIxlhiok1PJVPC10/h/6RTtR1kO7e1SvMqr6MIjsAxOAUOuABNcANaoA0IuAcP4Ak8W1Pr0XqxXpfRgpXPHIIfsN4+AVedknc=</latexit><latexit sha1_base64="8kklx8zDN81aJhk3CFaonRbHUII=">AAAB9HicdVDLSgMxFM3UV62vqks3wSK4GjK11rorunFZwT6gM5RMJm1DM5kxyRTK0O9w40IRt36MO//GTDuCih4IHM45l3tz/JgzpRH6sAorq2vrG8XN0tb2zu5eef+go6JEEtomEY9kz8eKciZoWzPNaS+WFIc+p11/cp353SmVikXiTs9i6oV4JNiQEayN5LlTSlKXm3yA54NyBdmXjTo6cyCy0QIZqVXr5wg6uVIBOVqD8rsbRCQJqdCEY6X6Doq1l2KpGeF0XnITRWNMJnhE+4YKHFLlpYuj5/DEKAEcRtI8oeFC/T6R4lCpWeibZIj1WP32MvEvr5/oYcNLmYgTTQVZLhomHOoIZg3AgElKNJ8Zgolk5lZIxlhiok1PJVPC10/h/6RTtR1kO7e1SvMqr6MIjsAxOAUOuABNcANaoA0IuAcP4Ak8W1Pr0XqxXpfRgpXPHIIfsN4+AVedknc=</latexit>

~✓
<latexit sha1_base64="Dc1wX8udc4vPMr790whQq2wuI+Q=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPoSfGGG9BLx4jmAUyIfR0KkmTnoXumkAY8htePCji1Z/x5t/YWQQVfVDweK+Kqnp+rKRBxj6cldW19Y3NzFZ2e2d3bz93cNgwUaIF1EWkIt3yuQElQ6ijRAWtWAMPfAVNf3Qz85tj0EZG4T1OYugEfBDKvhQcreR5YxCph0NAPu3m8qxwVSmzc5eyAptjRkrF8gWj7lLJkyVq3dy714tEEkCIQnFj2i6LsZNyjVIomGa9xEDMxYgPoG1pyAMwnXR+85SeWqVH+5G2FSKdq98nUh4YMwl82xlwHJrf3kz8y2sn2K90UhnGCUIoFov6iaIY0VkAtCc1CFQTS7jQ0t5KxZBrLtDGlLUhfH1K/yeNYsFlBfeulK9eL+PIkGNyQs6ISy5JldySGqkTQWLyQJ7Is5M4j86L87poXXGWM0fkB5y3T7xjkiI=</latexit><latexit sha1_base64="Dc1wX8udc4vPMr790whQq2wuI+Q=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPoSfGGG9BLx4jmAUyIfR0KkmTnoXumkAY8htePCji1Z/x5t/YWQQVfVDweK+Kqnp+rKRBxj6cldW19Y3NzFZ2e2d3bz93cNgwUaIF1EWkIt3yuQElQ6ijRAWtWAMPfAVNf3Qz85tj0EZG4T1OYugEfBDKvhQcreR5YxCph0NAPu3m8qxwVSmzc5eyAptjRkrF8gWj7lLJkyVq3dy714tEEkCIQnFj2i6LsZNyjVIomGa9xEDMxYgPoG1pyAMwnXR+85SeWqVH+5G2FSKdq98nUh4YMwl82xlwHJrf3kz8y2sn2K90UhnGCUIoFov6iaIY0VkAtCc1CFQTS7jQ0t5KxZBrLtDGlLUhfH1K/yeNYsFlBfeulK9eL+PIkGNyQs6ISy5JldySGqkTQWLyQJ7Is5M4j86L87poXXGWM0fkB5y3T7xjkiI=</latexit><latexit sha1_base64="Dc1wX8udc4vPMr790whQq2wuI+Q=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPoSfGGG9BLx4jmAUyIfR0KkmTnoXumkAY8htePCji1Z/x5t/YWQQVfVDweK+Kqnp+rKRBxj6cldW19Y3NzFZ2e2d3bz93cNgwUaIF1EWkIt3yuQElQ6ijRAWtWAMPfAVNf3Qz85tj0EZG4T1OYugEfBDKvhQcreR5YxCph0NAPu3m8qxwVSmzc5eyAptjRkrF8gWj7lLJkyVq3dy714tEEkCIQnFj2i6LsZNyjVIomGa9xEDMxYgPoG1pyAMwnXR+85SeWqVH+5G2FSKdq98nUh4YMwl82xlwHJrf3kz8y2sn2K90UhnGCUIoFov6iaIY0VkAtCc1CFQTS7jQ0t5KxZBrLtDGlLUhfH1K/yeNYsFlBfeulK9eL+PIkGNyQs6ISy5JldySGqkTQWLyQJ7Is5M4j86L87poXXGWM0fkB5y3T7xjkiI=</latexit><latexit sha1_base64="Dc1wX8udc4vPMr790whQq2wuI+Q=">AAAB83icdVDJSgNBEO1xjXGLevTSGARPoSfGGG9BLx4jmAUyIfR0KkmTnoXumkAY8htePCji1Z/x5t/YWQQVfVDweK+Kqnp+rKRBxj6cldW19Y3NzFZ2e2d3bz93cNgwUaIF1EWkIt3yuQElQ6ijRAWtWAMPfAVNf3Qz85tj0EZG4T1OYugEfBDKvhQcreR5YxCph0NAPu3m8qxwVSmzc5eyAptjRkrF8gWj7lLJkyVq3dy714tEEkCIQnFj2i6LsZNyjVIomGa9xEDMxYgPoG1pyAMwnXR+85SeWqVH+5G2FSKdq98nUh4YMwl82xlwHJrf3kz8y2sn2K90UhnGCUIoFov6iaIY0VkAtCc1CFQTS7jQ0t5KxZBrLtDGlLUhfH1K/yeNYsFlBfeulK9eL+PIkGNyQs6ISy5JldySGqkTQWLyQJ7Is5M4j86L87poXXGWM0fkB5y3T7xjkiI=</latexit>

p(~�|~d) / p(~�)

Z
d~✓ p(~d|~✓)ppop(~✓|~�)

<latexit sha1_base64="OgA/uve3LlEcgKhR6/IJj9v7Eo4="></latexit><latexit sha1_base64="OgA/uve3LlEcgKhR6/IJj9v7Eo4="></latexit><latexit sha1_base64="OgA/uve3LlEcgKhR6/IJj9v7Eo4="></latexit><latexit sha1_base64="OgA/uve3LlEcgKhR6/IJj9v7Eo4="></latexit>

Posterior 
distribution
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Single event
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Population
likelihood (ML)

 De Luca  et al.  (2021) 

R0  ↵ � ⇣ mmin mmax µ�eft ��eff
<latexit sha1_base64="l5U7xEFBfaXIESRnot4d51y4jxw="></latexit><latexit sha1_base64="l5U7xEFBfaXIESRnot4d51y4jxw="></latexit><latexit sha1_base64="l5U7xEFBfaXIESRnot4d51y4jxw="></latexit><latexit sha1_base64="l5U7xEFBfaXIESRnot4d51y4jxw="></latexit>



Population posterior distributions
 De Luca et al.  (2021) 



 De Luca et al.  (2021) 

• ABH events account for roughly 
four times the PBH events 

• Massive events accounted for by 
PBHs



ZM ⌘
Z

d~� p(~�|~d)
<latexit sha1_base64="T+fTJFx/5CxBYwaaT7VapTdHTBM="></latexit><latexit sha1_base64="T+fTJFx/5CxBYwaaT7VapTdHTBM="></latexit><latexit sha1_base64="T+fTJFx/5CxBYwaaT7VapTdHTBM="></latexit><latexit sha1_base64="T+fTJFx/5CxBYwaaT7VapTdHTBM="></latexit>

BM1
M2

⌘ ZM1

ZM2

> (10, 101.5, 102) )
<latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="O1IbuG65IUfGfvSzKNZcczki9rU="></latexit><latexit sha1_base64="O1IbuG65IUfGfvSzKNZcczki9rU="></latexit><latexit sha1_base64="kjpcQ4j9Shth1NtdkoqR0WeqEIE="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit><latexit sha1_base64="jzKWKqSi8loJ7c9wQetb4dEvTng="></latexit>

(strong, very strong, decisive evidence)

Statistical evidence
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PBH: - 4.91          ABH: - 2.17        PBH + ABH: 0

 De Luca et al.  (2021) 

(Truncated/Power law + peak = - 2.1)



 De Luca et al.  (2021) 

PBH constraints in the 
LIGO/Virgo mass range



Mapping the GWTC-2 catalog 
into 3G detectors

 V. De Luca et al.  (2021) 

 Ng et al.  (2021) 
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• GWTC-2 events may have a component of  PBHs

•  PBHs are not the dark matter in the LIGO/Virgo 
mass band

• 3G detectors will help to answer the question about 
the nature of the BHs in the LIGO/Virgo mass range



PBHs and the stochastic  
background of GWs



The same curvature perturbations giving rise to PBHs are 
unavoidably a source for GWs at second-order in perturbation theory

Potentially observable at current and future GW observatories 

1

h
<latexit sha1_base64="qrE6eOsIHt1J6Xxc3AHlqOqFfDA="></latexit><latexit sha1_base64="qrE6eOsIHt1J6Xxc3AHlqOqFfDA="></latexit><latexit sha1_base64="qrE6eOsIHt1J6Xxc3AHlqOqFfDA="></latexit>

⇣
<latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit><latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit><latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit>

⇣
<latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit><latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit><latexit sha1_base64="SfLnDOjzqTLKdi095GyTzAIk/OI="></latexit>

GWs from PBHs

h00
ij + 2Hh00

ij �r2hij = O(@i⇣@j⇣)
<latexit sha1_base64="f3ysFkgQLNBjy/dmGqvNrYMXt8Y="></latexit><latexit sha1_base64="f3ysFkgQLNBjy/dmGqvNrYMXt8Y="></latexit><latexit sha1_base64="f3ysFkgQLNBjy/dmGqvNrYMXt8Y="></latexit><latexit sha1_base64="f3ysFkgQLNBjy/dmGqvNrYMXt8Y="></latexit>

�⇢

⇢̄
⇠ r2

⇣

a2H2
<latexit sha1_base64="wV0C26EtO47h3UOIyFqUtwYhF68="></latexit><latexit sha1_base64="wV0C26EtO47h3UOIyFqUtwYhF68="></latexit><latexit sha1_base64="wV0C26EtO47h3UOIyFqUtwYhF68="></latexit><latexit sha1_base64="wV0C26EtO47h3UOIyFqUtwYhF68="></latexit>



Power spectrum of GWs:

At second order in comoving curvature perturbation, after averaging over 
the fast oscillating pieces
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GW Power Spectrum



PBHs as DM - LISA Serendipity
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The PBH dark matter-LISA serendipity
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Nano-Grav 12.5 year

Millisecond pulsars whose signal sensitive to the stochastic GW background

Cross-correlation of 
timing residuals

Sab = �ab
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Strong evidence for a stochastic 
common process across 45 pulsars
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⌦(f) ⇠ 5 · 10�10Possible flat spectrum with amplitude

Nano-Grav 12.5 year



Strong evidence for a stochastic 
common process across 45 pulsars
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⌦(f) ⇠ 5 · 10�10Possible flat spectrum with amplitude

Nano-Grav 12.5 year



Non-conclusive evidence for quadrupolar
Hellings-Downs (HD) correlation pattern (GW footprint)

Need to wait for more data (two years on)

Nano-Grav 12.5 year



 

Can be consistent with a PBH = DM scenario
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Can be consistent with a PBH = DM scenario
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Allowed region allowed assuming
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Conclusions

• GWTC-2 events best fitted by ABH + PBH, not a 
surprise, PBHs are not the dark matter if in the 
LIGO/Virgo range, 3G detectors will have a say 
about the nature of BHs in the LIGO/Virgo mass 
range

• NANOGrav 12.5 yr signal consistent with the PBH 
scenario. If so, PBHs may comprise the totality of 
the dark matter


