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Scale Invariance

- Invariance under dilatations of space-time coordinates 
 

-  No scales — dimensional couplings — in the action

xμ → Ω−1xμ, ϕ → Ωdϕϕ

What if our fundamental theories are SI? 

Can SI emerge dynamically?
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Scale Invariance

Introduce a dilaton field  such that all scales are   

Provide a mechanism to stabilise the vev of 

σ m = λmσ

σ

S = ∫ d4x ( 1
2

∂μϕ∂μϕ −
λ2

m

2
σ2ϕ2)

V = λ (ϕ2 − ασ2)2, ⟨ϕ2⟩ = α⟨σ2⟩

Higgs-Dilaton models. Shaposhnikov et al.
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For instance, Coleman-Weinberg potential for λϕ4

V(1) =
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144π2
log ( ϕ2

μ2 ) ϕ4



Scale Anomalies

While 
δS
δω

= 0, Ω = 1 + ω + …

δΓ
δω

≠ 0 For CW potential   
δV(1)

δω
= −

λ2ϕ4

72π2
log (μ2)



Scale Anomalies

While 
δS
δω

= 0, Ω = 1 + ω + …

δΓ
δω

≠ 0 For CW potential   
δV(1)

δω
= −

λ2ϕ4

72π2
log (μ2)

This can be solved by promoting  to a coupling through 
 scale invariant renormalization 

μ

μ = λμσ



Scale Anomalies

While 
δS
δω

= 0, Ω = 1 + ω + …

δΓ
δω

≠ 0 For CW potential   
δV(1)

δω
= −

λ2ϕ4

72π2
log (μ2)

This can be solved by promoting  to a coupling through 
 scale invariant renormalization 

μ

Englert, Truffin, Gastmans, Wetterich, Shaposhnikov, Zenhausern, Gorbunov, 
Tokareva, Armillis, Monin, Ferreira, Hill, Noller, Ross, Ghilencea, Olszewski… 

 



Scale Anomalies

While 
δS
δω

= 0, Ω = 1 + ω + …

δΓ
δω

≠ 0 For CW potential   
δV(1)

δω
= −

λ2ϕ4

72π2
log (μ2)

This can be solved by promoting  to a coupling through 
 scale invariant renormalization 

μ

A review: C. Wetterich 1901.04741 
 



Scale Anomalies

While 
δS
δω

= 0, Ω = 1 + ω + …

δΓ
δω

≠ 0 For CW potential   
δV(1)

δω
= −

λ2ϕ4

72π2
log (μ2)

This can be solved by promoting  to a coupling through 
 scale invariant renormalization 

μ

μ = λμσ



Scale Anomalies

V(1) =
λ2

144π2
log ( ϕ2

μ2 ) ϕ4 → V(1) =
λ2

144π2
log ( ϕ2

λ2
μσ2 ) ϕ4

This theory now is non-polynomial in  —> EFT with cut-off σ μ

ϕ4 log ( ϕ2

λ2
μσ2 ) = ϕ4 log ( ϕ2

μ2 ) −
2λμ

μ
ϕ2σ +

λ2
μ

μ2
ϕ4σ2 + …



Scale Anomalies

V(1) =
λ2

144π2
log ( ϕ2

μ2 ) ϕ4 → V(1) =
λ2

144π2
log ( ϕ2

λ2
μσ2 ) ϕ4

This theory now is non-polynomial in  —> EFT with cut-off σ μ

ϕ4 log ( ϕ2

λ2
μσ2 ) = ϕ4 log ( ϕ2

μ2 ) −
2λμ

μ
ϕ2σ +

λ2
μ

μ2
ϕ4σ2 + …

This can only be done loop by loop



Scale Anomalies

V(1) =
λ2

144π2
log ( ϕ2

μ2 ) ϕ4 → V(1) =
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144π2
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λ2
μσ2 ) ϕ4

This theory now is non-polynomial in  —> EFT with cut-off σ μ

ϕ4 log ( ϕ2
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μσ2 ) = ϕ4 log ( ϕ2
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2λμ

μ
ϕ2σ +

λ2
μ

μ2
ϕ4σ2 + …

Theories with scales might be the EFT expansion of a UV scale invariant theory 
What is this theory?
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Let us be specific and consider a particular SI theory
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ξ2 )Einstein 
Frame 

g̃μν → g̃μν

ϕ̃ → ϕ̃ + C

g̃μν =
ξϕ2

M2
P

gμν, ϕ̃ = MP
1
ξ

+ 12 log ( ϕ
m )
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Frame inequivalence

Jordan 
Frame 

Einstein 
Frame 

⟨∇μJμ
J ⟩ = ∑ 𝒪J[Rμναβ, ϕ]

⟨∇μJμ
E⟩ = 0

There is an operator difference which translates onto a physical effect
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Frame inequivalence

𝒵[J] = ∫ [dψ]e−S[ψ]− ∫ d4x J⋅ψ



Frame inequivalence

𝒵[J] = ∫ [dψ]e−S[ψ]− ∫ d4x J⋅ψ

Invariant



Frame inequivalence

𝒵[J] = ∫ [dψ]e−S[ψ]− ∫ d4x J⋅ψ

So the problem must be here



Frame inequivalence

δ𝒵[J] = ∫ (δ[dψ]) e−S[ψ]− ∫ d4x J⋅ψ

[dψ] = ∏
dψ(x)

2π
det C {ψ1, ψ2} = ∫ d4x∫ d4y ψ1(x)C(x, y)ψ2(y)



Frame inequivalence

δ𝒵[J] = ∫ (δ[dψ]) e−S[ψ]− ∫ d4x J⋅ψ

[dψ] = ∏
dψ(x)

2π
det C {ψ1, ψ2} = ∫ d4x∫ d4y ψ1(x)C(x, y)ψ2(y)

C(x, y) = s(x)δ(4)(x, y)



Frame inequivalence

δ𝒵[J] = ∫ (δ[dψ]) e−S[ψ]− ∫ d4x J⋅ψ

[dψ] = ∏
dψ(x)

2π
det C {ψ1, ψ2} = ∫ d4x∫ d4y ψ1(x)C(x, y)ψ2(y)

C(x, y) = s(x)δ(4)(x, y)

𝒵(1)[J] = e−S[ψ]e
1
4 JD−1J det ( D

s(x) )
− 1

2



Frame in equivalence

𝒵(1)[J] = e−S[ψ]e
1
4 JD−1J det ( D

s(x) )
− 1

2

If  we get cut-off regularisation  
If  we find Pauli-Vilars

s(x) = Λ2

s(x) = D̃



Frame in equivalence

𝒵(1)[J] = e−S[ψ]e
1
4 JD−1J det ( D

s(x) )
− 1

2

If  we get cut-off regularisation  
If  we find Pauli-Vilars

s(x) = Λ2

s(x) = D̃

Thus, the role of the metric  is that of a UV regulator  
(when it is field independent)

C(x, y)
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𝒵[J] = ∫ [dψ]e−S[ψ]− ∫ d4x J⋅ψ

There is an extra determinant here det C
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Frame discriminant

𝒜 = ΓJ − Γ̃J =
1

4π2 ∫ d4x −g α × counterterms

Or, equivalently Γ̃J = ΓJ μ→eαμ
μ →

ξ
M2

P
μϕ = λμϕ!

If we look for cancelling the scale anomaly, we arrive at scale 
invariant renormalisation! 



Frame discriminant

𝒜 = ΓJ − Γ̃J =
1

4π2 ∫ d4x −g σ × counterterms

Note, however, that this procedure is general for any field 
redefinition, not only for scale transformations.

Or, equivalently Γ̃J = ΓJ μ→eαμ
μ →

ξ
M2

P
μϕ = λμϕ!
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Frame discriminant

𝒵[J] = ∫ [dψ]e−S[ψ]− ∫ d4x J⋅ψ

The definition of a QFT has two ingredients 
- The action 
- The integration measure = the physical frame

Once the physical degrees of freedom are identified, that fixes the physical frame
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SI QFT

We propose a SI generalisation of the path integral

𝒮[J] = ∫ (dϕ) e−S−J⋅ϕ

(dϕ) = ∏
dϕ(x)

2π
det(σ2 × δ(x, y))

Where  is an operator with scaling dimension σ(ϕ) ds = 1

δ𝒮
δω

= 0
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Perturbation theory

Let us assume that  is an external dilaton fieldσ

𝒮[J] = ∫ (dϕ) e−S−J⋅ϕ (dϕ) = ∏
dϕ(x)

2π
det(σ2 × δ(x, y))

The problem is that the metric determinant is defined through the full theory

det(Λ2 × δ(x, y)) × det(
σ2

Λ2
× δ(x, y)) = eℳ det(Λ2 × δ(x, y))

𝒢 = Γ − ℳ
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Perturbation theory

ℳ =
1
2

Tr log ( σ2

Λ2
δ(4)(x, y)) =

1
2 ∫ d4x log(σ2/Λ2) × ⟨ϕ |ϕ⟩

⟨ϕ |ϕ⟩ = ℳ0 + λℳ1 + λ2ℳ2 + … ⟨ϕ |ϕ⟩ = lim
M→∞ ∫

d4k
2π4

e− E
M2

1- Compute  at order  using the effective equations of motion. 
2 - Compute the effective action to order N
ℳ gN
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An example

S = ∫ d4x ( 1
2

∂μϕ∂μϕ +
λ
4!

ϕ4)

𝒱(1) =
λ2

144π2
log ( ϕ2

σ2 ) ϕ4

𝒱(1) = V(1) − ℳ(1)
p=0

This reproduces the scale invariant renormalisation procedure



Conclusions

The integration measure of the path integral is important  
when the metric is in the game 

Non-linear field redefinitions map different quantum field theories 

We can exploit this idea to define a SI QFT 
 - It would be interesting to understand better this proposal 
 - What about a non-perturbative computation? 


