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Particle Physics and Gravity

• Gravity is at odd with other forces of nature. 

• It has a dimensionful coupling constant: Newton’s constant.

• It is a very weak force in comparison to the standard model 
interactions.



When does gravity become comparable in strength to other forces?

Traditionally 
the Planck
mass is taken
to be of the order
of 1019 GeV.
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• For this reason, it is usually assumed by most particle physicists that 
the issue of quantum gravity can safely be ignored at low energy. 

• However, I will show you that gravity matters!



Missing ingredient in the standard model: dark matter

5

• Can gravity/quantum gravity account 
for the shortcomings of the standard 
model?

• For example, can it say anything 
about dark matter, inflation or the 
unification of forces?

• We have known for about 20 years 
now that the Planck scale is a 
dynamical quantity and it could be 
well below 1019 GeV,

• It is an exciting field as gravity 
provides a new way to study our 
universe with gravitational waves.



Effective action for GR 
• How can we describe general relativity quantum mechanically?

• Well known issues with linearized GR: it is not renormalizable.

• This is the reason d’être of string theory, loop quantum gravity etc…

• How much can we understand using QFT techniques?

• We have good reasons to think that length scales smaller than the 
Planck scale are not observables due to the formation of small black 
holes.

• Effective field theories might be all we need to discuss physics at 
least up to the Planck scale.
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• The goal is to try to make the link with observables.

• Or at least with with thought experiments. 

• It is very conservative.

• What can we learn using techniques we actually understand 
well, and which are compatible with nature as we know it: 
standard model and GR?
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• I am going to assume general covariance (diffeomorphism
invariance)

• Quantum gravity has only 2 dofs namely the massless 
graviton (which has 2 helicity states).

• We know the particle content of the “matter theory” (SM, 
GUT, inflation etc).

• We can write down an effective action for quantum gravity.
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• This program was started by Feynman in the 60’s using 
linearized GR.

• Try to find/calculate observables

• Try to find consistency conditions which could guide us on 
our path towards a quantization of GR.
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Einstein’s equations
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• The Ricci scalar R and tensor Rμν contain two derivatives of the metric.

• They thus have mass dimension 2, this is important to organize the 
effective field theory.

• G is Newton’s constant, it is related to the Planck mass.

• Tμν is the energy-momentum tensor: this is your particle physics model.

• It can be derived from the Hilbert-Einstein action:
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it was the first equation we had seen that wasn’t completely correct. Having done our quick swing through
quantum physics, the time has come to correct that equation:

If you say “Einstein equation” to a random person on the street, odds are they’ll immediatley think of
“E=mc2.” If you ask a physicist to think of the Einstein equation, though, this is the one they’ll think of. This
is the Einstein field equation from general relativity, and while it’s not as well known as E=mc2, it’s
considered a far greater achievement within the field.

As explained in APS News, it also appears under the opening credits in the 2003 animated film The Triplets of
Belleville, thanks to the friendship between the director and a physicist in Quebec. So it’s artistically
significant as well as important for physics.

It’s also the most horrendously complicated of all the equations we’ve seen.

It may not necessarily look it, but those Greek-letter subscripts are a dead giveaway. The symbols here don’t
just stand for numbers, they represent tensors, which can loosely be thought of as 4×4 grids of numbers, with
their own special rules for multiplication and division. This is really a compact way of representing ten
different equations that need to be solved simultaneously to make any predictions.

We’re not really going to explain all that on a blog, so what are these about on a conceptual level? The whole
business of general relativity was rather pithily summed up by the late, great John Archibald Wheeler (a man
with a real gift for pithily summing things up) as “Matter tells space how to curve, space tells matter how to
move.” The right-hand side of this equation describes the matter in some region of space (though the “stress-
energy tensor” T), and the left-hand side describes the resulting curvature of spacetime. Any matter in the
vicinity will move along geodesic curves through this curved spacetime, which are not necessarily straight
lines in space. As a result, to an observer watching a bit of matter moving around, it will appear to experience
a force. The force in this case is gravity, and the one symbol in this equation that actually stands for a plain
old number is G, which is the same gravitational constant from Newton’s equation all that time ago.

The business of general relativity involves solving this equation (or, really, these equations) for the “metric
tensor” gμν. This is the thing that tells you how to combine space and time measurements to form a spacetime
distance between two points, according to an observer near one of those points, and it’s so central that
Richard Feynman once found his way to a conference by telling a cab dispatcher to take him to the same
place as a bunch of distracted guys wandering around saying “g-mu-nu, g-mu-nu” over and over.

What does this tell us? It tells us that the presence of matter causes a change in the way you measure distance
and time, depending on where you are relative to a massive object. This means what one observer sees as
some distance in space will appear to another observer at a distant position to be a mixture of distance in both
space and time. An observer sitting close to a massive object– on the surface of the Earth, say– will see time
passing at a different rate than an observer who is farther away– on a satellite in orbit, say. And a length
measured by an observer close to a massive object will not agree with the same distance measured by an
observer farther away.
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Einstein–Hilbert action
From Wikipedia, the free encyclopedia

The Einstein–Hilbert action (also referred to as Hilbert action) in general relativity is the action that yields
the Einstein field equations through the principle of least action. With the (− + + +) metric signature, the
gravitational part of the action is given as[1]

where  is the determinant of the metric tensor matrix,  is the Ricci scalar, and  is
Einstein's constant (  is the gravitational constant and  is the speed of light in vacuum). The integral is
taken over the whole spacetime if it converges. If it does not converge,  is no longer well-defined, but a
modified definition where one integrates over arbitrarily large, relatively compact domains, still yields the
Einstein equation as the Euler–Lagrange equation of the Einstein–Hilbert action.

The action was first proposed by David Hilbert in 1915.
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Discussion
The derivation of equations from an action has several advantages. First of all, it allows for easy unification
of general relativity with other classical field theories (such as Maxwell theory), which are also formulated in
terms of an action. In the process the derivation from an action identifies a natural candidate for the source
term coupling the metric to matter fields. Moreover, the action allows for the easy identification of conserved
quantities through Noether's theorem by studying symmetries of the action.

In general relativity, the action is usually assumed to be a functional of the metric (and matter fields), and the
connection is given by the Levi-Civita connection. The Palatini formulation of general relativity assumes the
metric and connection to be independent, and varies with respect to both independently, which makes it
possible to include fermionic matter fields with non-integral spin.
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where R, Rµ⌫ and R
µ⌫⇢� are respectively the Ricci scalar, Ricci tensor and Riemann tensor

and µi are renormalization scales. Note that each of these structures are functions of the met-

ric and they contain second order derivatives. The e↵ective action can be seen as a derivative

expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is

obtained by integrating out the graviton and massless matter fields (see e.g. [16]). The calcu-

lation is done at the one-loop level in perturbation theory using dimensional regularization,

the divergencies of the diagrams giving rise to the non-local terms of the type R log⇤R are

absorbed in the corresponding local terms R
2 and Rµ⌫R

µ⌫ . In the following, we drop the

total derivative ⇤R as it does not a↵ect the equations of motion. Note that the Riemann

tensor squared term Rµ⌫↵�R
µ⌫↵� can be eliminated using the Gauss-Bonnet identity: this

cannot be done though for the corresponding non-local term. It is worth emphasizing that

the e↵ective action could be constrained further if we imposed new symmetries such as con-

formal invariance, see e.g. [17,18], here we choose to stick to Einstein’s formulation of gravity

as the leading order term of our e↵ective action. We shall now describe the parameters of

this e↵ective action and describe its dynamical content.

1 The parameters of the e↵ective action and its dy-

namical content

The e↵ective action contains both dimensionful and dimensionless parameters. The most

familiar one is certainly the reduced Planck scale MP which is given by
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Effective action for 
quantum gravity
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The Hilbert-Einstein action

receives corrections when integrating out fluctuations of the graviton 
(and other matter fields depending on the energy under consideration),
one obtains:

While finding a unified theory of quantum field theory and general relativity remains an

elusive goal, much progress has been done recently in quantum gravity using e↵ective field

theory methods [1–15]. This approach enables one to perform model independent calcula-

tions in quantum gravity. The only restriction is that only physical processes taking place

at energy scales below the Planck mass can be considered. This restriction is, however, not

very constraining as this is the case for all practical purposes in particle physics, astrophysics

and cosmology.

In this paper, we show that quantum gravity could provide a solution to the long standing

problem of dark matter. There are overwhelming astrophysical and cosmological evidences

that visible matter only constitutes a small fraction of the total matter of our universe and

that most of it is a new form of non-relativistic dark matter which cannot be accounted for

by the standard model of particle physics. Gravity could account for dark matter in two

forms. The first gravitational dark matter candidates are primordial black holes, see e.g. [16]

for a recent review. They have been investigated for many years, and although the mass

range for such objects to account for dark matter has shrunk quite a bit, they remain a

viable option for dark matter, in particular Planckian mass black hole remnants are good

dark matter candidates. Here we discuss a second class of candidates within the realm on

quantum gravity. Recent work in quantum gravity has established in a model independent

way that the spectrum of quantum gravity involves, beyond the massless gravitational field

already observed in the form of gravitational waves, two new massive fields [12]. Their

properties can be derived from the e↵ective action for quantum gravity. We will show here

that these new fields are ideal dark matter candidates.

Deriving an e↵ective action for quantum gravity requires starting from general relativity

and integrating out fluctuations of the graviton. Doing so, we obtain a classical e↵ective

action given at second order in curvature by
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where R, Rµ⌫ and Rµ⌫⇢� are respectively the Ricci scalar, the Ricci tensor and the Riemann

tensor. The cosmological constant is denoted by ⇤C . The scales µi are renormalization scales
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Remarkably, the values of the parameters bi are calculable from first principles and are
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The non-local part of the EFT
• The Wilson coefficients of the non-local operators are universal 

predictions of quantum gravity:

• The Wilson coefficients of the local operators on the other hand are not 
calculable: this is the price to pay. 12

NB: they are
calculated using

dim-reg.

(see e.g. Birrell and Davies, Quantum Fields in Curved Space-Time,
more recently Donoghue et al.)

principle, be di↵erent for the three non-local operators, but we will assume that µi = µ.

It seems reasonable to take it of the order of M? as this is the energy scale at which the

e↵ective theory needs to be matched to the underlying theory of quantum gravity.

While the Wilson coe�cients of the local operators R
2 and Rµ⌫R

µ⌫ are not calculable

within the e↵ective field theory approach, the Wilson coe�cients bi of the non-local operators

are calculable from first principles and are truly model independent predictions of quantum

gravity. Their values are reproduced in Table 1. The e↵ective action can be linearized around

b1 b2 b3

real scalar 5(6⇠ � 1)2/(11520⇡2) �2/(11520⇡2) 2/(11520⇡2)

Dirac spinor �5/(11520⇡2) 8/(11520⇡2) 7/(11520⇡2)

vector �50/(11520⇡2) 176/(11520⇡2) �26/(11520⇡2)

graviton 430/(11520⇡2) �1444/(11520⇡2) 424/(11520⇡2)

Table 1: Calculable Wilson coe�cients, see e.g. [16] where they are calculated using dim-reg.

These results match the classical ones published in [22] where they are calculated using the

conformal anomaly method.
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cannot be done though for the corresponding non-local term. It is worth emphasizing that

the e↵ective action could be constrained further if we imposed new symmetries such as con-

formal invariance, see e.g. [17,18], here we choose to stick to Einstein’s formulation of gravity
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this e↵ective action and describe its dynamical content.

1 The parameters of the e↵ective action and its dy-
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The e↵ective action contains both dimensionful and dimensionless parameters. The most
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where v = 246 GeV is the Higgs boson’s expectation value and ⇠ is the non-minimal coupling

of the Higgs boson. The non-minimal coupling is a free parameter unless conformal invariance

is imposed. Measurements of the properties of the Higgs boson imply that |⇠| > 2.6 ⇥ 1015

is excluded at the 95% C.L. [19]. M is the coe�cient of the Ricci scalar. It has mass

dimension 2. The scale M? is the scale up to which we can trust the e↵ective field theory.

It is traditionally identified with MP but this needs not to be the case. Direct searches for

strong gravitational e↵ects at colliders in the form of quantum black holes [20] lead to a

bound on M? of the order of 9 TeV, see e.g. [21]. The renormalization scales µi could, in
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Non-locality propagates into the matter sector

• Gravity leads to non-local effects in Matter
• Let’s consider the graviton propagator

• Using this propagator we can now calculate the dressed 
amplitude for the gravitational scattering of 2 scalar fields.

• We see that the non-locality feeds back into matter, e.g.:

13

XC, Croon & Fritz (2015)
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Field content of the EFT
• By linearizing the EFT (or mapping it to the Einstein frame), one can 

easily identify the field content.
• Calculating 

• we find
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to leading order in 
2. As mentioned before, the e↵ective action contains, besides the usual

massless graviton (first term in Eq. (10)), a massive spin 2 particle (second term in Eq.
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where R, Rµ⌫ and R
µ⌫⇢� are respectively the Ricci scalar, Ricci tensor and Riemann tensor

and µi are renormalization scales. Note that each of these structures are functions of the met-

ric and they contain second order derivatives. The e↵ective action can be seen as a derivative

expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is

obtained by integrating out the graviton and massless matter fields (see e.g. [16]). The calcu-

lation is done at the one-loop level in perturbation theory using dimensional regularization,

the divergencies of the diagrams giving rise to the non-local terms of the type R log⇤R are

absorbed in the corresponding local terms R
2 and Rµ⌫R

µ⌫ . In the following, we drop the

total derivative ⇤R as it does not a↵ect the equations of motion. Note that the Riemann

tensor squared term Rµ⌫↵�R
µ⌫↵� can be eliminated using the Gauss-Bonnet identity: this

cannot be done though for the corresponding non-local term. It is worth emphasizing that

the e↵ective action could be constrained further if we imposed new symmetries such as con-

formal invariance, see e.g. [17,18], here we choose to stick to Einstein’s formulation of gravity

as the leading order term of our e↵ective action. We shall now describe the parameters of

this e↵ective action and describe its dynamical content.
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where R, Rµ⌫ and R
µ⌫⇢� are respectively the Ricci scalar, Ricci tensor and Riemann tensor

and µi are renormalization scales. Note that each of these structures are functions of the met-

ric and they contain second order derivatives. The e↵ective action can be seen as a derivative

expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is

obtained by integrating out the graviton and massless matter fields (see e.g. [16]). The calcu-

lation is done at the one-loop level in perturbation theory using dimensional regularization,

the divergencies of the diagrams giving rise to the non-local terms of the type R log⇤R are

absorbed in the corresponding local terms R
2 and Rµ⌫R

µ⌫ . In the following, we drop the
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Masses of the new states
• The masses are given by the poles of the Green’s function.
• We find:

– Massless spin-2 field (classical graviton)
– Massive spin-2 field with a complex mass

- Massive spin-0 field with a complex mass

- Note that the poles are complex ones,  we can identify a mass and width

- the badly behaving ones can be eliminated by a proper choice of the contour 
integrals.
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model independent predictions of quantum gravity, see e.g. [17] and references therein. They

are related to the number of fields that have been integrated out. The non-renormalizability

of the e↵ective action is reflected in the fact that we cannot predict the coe�cients ci which,

in this framework, have to be measured in experiments or observations. There will be new ci

appearing at every order in the curvature expansion performed when deriving this e↵ective

action and we thus would have to measure an infinite number of parameters. Despite this

fact, the e↵ective theory leads to falsifiable predictions as the coe�cients bi of non-local

operators are, as explained previously, calculable.

In [11,15], it was shown how to identify the new degrees of freedom by finding the poles of

the Green’s function obtained by varying the linearized version of the action given in Eq.(1)

with respect to the metric. Besides the usual massless pole, one finds two pair of complex

poles. The complex pole for the massive spin-2 object is given by
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where W (x) is the Lambert function and 
2 = 32⇡G, G is Newton’s constant. The bi for the

graviton are known: b1 = 430/(11520⇡2), b2 = �1444/(11520⇡2) and b3 = 434/(11520⇡2).

The bi are thus small and unless the ci are large, the masses m2 and m0 will be close to the

Planck mass MP and the corresponding fields will decay almost instantaneously [12]. As we

are interested in the case where the new fields are light, it is useful to consider the limit

where the ci (or one of them at least) are large and bi ⌧ ci. In that case we can rewrite the

masses as
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where we assumed that the renormalization scale µ ⇠ 1/, i.e. we assume that the e↵ective

field theory is valid up to the reduced Planck scale. As done in [12], we can identify the mass

and width of the respective field using m
2
i = (Mi� i�i/2)2. Note that the complex conjugate

solutions m
?
2 and m

?
0 which lead to a positive sign between the mass and the width in the
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The poles in two different limits: ci=0
• Let’s look at the limit where ci=0, i.e, we consider only the nonlocal 

operators

• In the standard model, NS = 4, Nf = 45 and NV = 12.

• For the spin-2 pole, we thus find: (7- i 3)�1018 GeV

using

• It thus corresponds to a state with mass 
and width 

• Clearly in that limit these poles only matter at very high energy! 16
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where R, Rµ⌫ and R
µ⌫⇢� are respectively the Ricci scalar, Ricci tensor and Riemann tensor

and µi are renormalization scales. Note that each of these structures are functions of the met-

ric and they contain second order derivatives. The e↵ective action can be seen as a derivative

expansion, in full analogy to chiral perturbation theory in quantum chromodynamics. It is

obtained by integrating out the graviton and massless matter fields (see e.g. [16]). The calcu-

lation is done at the one-loop level in perturbation theory using dimensional regularization,

the divergencies of the diagrams giving rise to the non-local terms of the type R log⇤R are

absorbed in the corresponding local terms R
2 and Rµ⌫R

µ⌫ . In the following, we drop the

total derivative ⇤R as it does not a↵ect the equations of motion. Note that the Riemann

tensor squared term Rµ⌫↵�R
µ⌫↵� can be eliminated using the Gauss-Bonnet identity: this

cannot be done though for the corresponding non-local term. It is worth emphasizing that

the e↵ective action could be constrained further if we imposed new symmetries such as con-

formal invariance, see e.g. [17,18], here we choose to stick to Einstein’s formulation of gravity

as the leading order term of our e↵ective action. We shall now describe the parameters of

this e↵ective action and describe its dynamical content.
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The poles in two different limits: ci ≫ bi

• Since the ci are free parameters, they could be much larger than the 
Wilson coefficients of the non-local operators.

• In that case, we obtain

• So we need to pick c2<0 and
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model independent predictions of quantum gravity, see e.g. [17] and references therein. They

are related to the number of fields that have been integrated out. The non-renormalizability

of the e↵ective action is reflected in the fact that we cannot predict the coe�cients ci which,

in this framework, have to be measured in experiments or observations. There will be new ci

appearing at every order in the curvature expansion performed when deriving this e↵ective

action and we thus would have to measure an infinite number of parameters. Despite this

fact, the e↵ective theory leads to falsifiable predictions as the coe�cients bi of non-local

operators are, as explained previously, calculable.
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to leading order in 
2. As mentioned before, the e↵ective action contains, besides the usual

massless graviton (first term in Eq. (10)), a massive spin 2 particle (second term in Eq.

(10)) and a massive scalar field (third term in Eq. (10)). Because of the negative sign in

front of the second term, the massive spin 2 object carries negative energy, i.e., it is a ghost.
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Lagrangian
• We recover standard general relativity with two new massive 

modes

• Note that this extends the classical result of Stelle.
• It is crucial to realize that these are classical fields.
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propagator can be eliminated by a proper choice of the contour integral, i.e. of boundary

conditions [14], in full analogy with the usual i✏ procedure which enables one to select the

causal behavior of the Green’s function.

We can now express the width in terms of the mass of the field. For the massive spin-2

field k, we find
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where MP = 2.435 ⇥ 1018 GeV is the reduced Planck mass. The widths �0 and �2 are the

gravitational widths for the decay of the massive spin-2 and spin-0 classical modes into the

classical graviton.

To obtain the total width, we need to include the decay modes into particles of the

standard model. The coupling of the two states to the standard model Lagrangian has been

worked out in [15]. One has
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We thus see that besides decaying gravitationally, the massive spin-2 and spin-0 fields can

decay to standard model particles. It is straightforward to calculate the decay widths of the

new massive modes into standard model particles using the results of [19].

The decay width of the scalar mode � into massive vectors fields V , such as the W and

Z bosons, is given by
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• We see that the “classical” graviton plays the role of the metric and 
determines the geometry. 

• It couples in a universal manner to matter as usual (this is just GR).

• The massive classical fields are not gravitational fields in the sense that 
they do not affect the invariant length or geometry.

• The coupling of the massive spin-2 object to matter is universal while 
that of the massive spin-0 is not: it does not couple to massless vector 
fields as it couples to the trace of the energy-momentum tensor.

• As we are dealing with a classical field, the fact that the massive spin-2 
is a ghost is not an obvious problem, it simply means that it couples to 
matter with a negative Planck mass.

20



Eöt-Wash pendulum experiment
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where s is the pendulum-to-attractor separation The torque is
proportional to the derivative !V/!" so that for a given
torque sensitivity and smallest separation smin , we expect the
constraints to have the asymptotic form

log#$%&' !3 log %"smin /%; $69&

and an asymptotic slope on a log(#) vs log(%) plot of

d log#

d log %
#!3!

smin
%

$70&

which is satisfied by our constraints shown in Fig. 34. On the
other hand, for %$d , the cancellation from the lower plate

reduces the signal from the Yukawa force and the constraints
eventually weaken with increasing % .
Our constraints improved upon the previous results shown

in Fig. 1 by a factor of up to (104, and on more recent
results )32,33* shown in Fig. 34 by up to a factor of almost
102. Our experiments are the only tests to date that reach
gravitational sensitivity for length scales less than 500 + m.
In particular, Yukawa interactions with !#!,1 are excluded
at 95% confidence for %,197 + m.

D. Constraints on power-law interactions

We constrained power-law violations of the ISL by fitting
our combined data set with a function that contained the
Newtonian term and a single power-law term. This procedure
was carried out for power-law potentials with k#2, 3, 4, and
5. The results are listed in Table XIV together with con-
straints from previous ISL tests given in Ref. )34*.

E. Constraints on couplings of massive pseudoscalars

Second-order exchange of massive pseudoscalars was
constrained by fitting the combined data set with a function
containing the only the Newtonian and massive pseudoscalar
terms. The results are listed in Table XV.

IX. SOME IMPLICATIONS OF THE RESULTS

A. Extra-dimension scenarios

The most basic constraint from this work is an upper limit
on the maximum size of an extra dimension. If we assume
that one extra dimension is much larger than all the others,

TABLE XIII. 95% confidence level constraints on Yukawa in-
teractions from the combined data set.

% $mm& # !#!

0.010 (!4.7%6.4)&109 1.0&1010

0.025 (!7.4%10.4)&104 1.6&105

0.050 (!2.2%7.9)&102 8.8&102

0.10 (0.2%1.8)&101 1.8&101

0.25 (0.9%4.0)&10!1 4.3&10!1

0.50 (1.0%4.5)&10!2 4.8&10!2

1.00 (0.1%1.1)&10!2 1.1&10!2

1.50 (!1.8%7.2)&10!3 7.9&10!3

2.50 (!5.1%5.9)&10!3 1.0&10!2

5.00 (!7.3%6.7)&10!3 1.3&10!2

10.0 (!0.7%19)&10!3 1.8&10!2

FIG. 34. $Color online& Yukawa constraints from our combined
data set as well as from other work )9–12,32,33*. The area above
the heavy curves is excluded at the 95% confidence level. Predicted
ISL violating effects from ‘‘extra dimensions’’ )1*, from dilaton
)15*, moduli )16* and radion )18* exchange, and from a conjectured
solution )4* of the cosmological constant $vacuum energy& problem
are shown as fainter lines.

TABLE XIV. 68% confidence constraints on power-law poten-
tials of the form given in Eq. $2& from this work and from previous
work tabulated in Ref. )34*.

k !-k!$this work& !-k!$previous work&

2 3.6&10!3 1.3&10!3 )9*
3 2.8&10!3 1.3&10!2 )9*
4 2.9&10!3 1.3&10!1 )10*
5 2.3&10!3 2.1&10!1 )10*

TABLE XV. 95% confidence upper bounds on !.(%)! where %
#//(mc) and m is the pseudoscalar mass.

% )mm* mc2 )meV* !.(%)!

0.02 9.85 6.2&108

0.05 3.94 2.6&103

0.10 1.97 2.8&101

0.20 0.985 1.24
0.50 0.394 8.7&10!2

1.0 0.197 2.5&10!2

2.0 0.0985 1.1&10!2

3.0 0.0657 8.0&10!3

5.0 0.0394 6.4&10!3

10.0 0.00197 5.5&10!3
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Submillimeter tests of the gravitational inverse-square law
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Motivated by a variety of theories that predict new effects, we tested the gravitational 1/r2 law at separations
between 10.77 mm and 137 # m using two different 10-fold azimuthally symmetric torsion pendulums and
rotating 10-fold symmetric attractors. Our work improves upon other experiments by up to a factor of about
100. We found no deviation from Newtonian physics at the 95% confidence level and interpret these results as
constraints on extensions of the standard model that predict Yukawa or power-law forces. We set a constraint
on the largest single extra dimension !assuming toroidal compactification and that one extra dimension is
significantly larger than all the others" of R*$160 # m, and on two equal-sized large extra dimensions of
R*$130 # m. Yukawa interactions with !%!&1 are ruled out at 95% confidence for '&197 # m. Extra-
dimensions scenarios stabilized by radions are restricted to unification masses M*&3.0 TeV/c2, regardless of
the number of large extra dimensions. We also provide new constraints on power-law potentials V(r)(r!k

with k between 2 and 5 and on the )5 couplings of pseudoscalars with m$10 meV/c2.

DOI: 10.1103/PhysRevD.70.042004 PACS number!s": 04.80.Cc, 04.80.!y

I. INTRODUCTION

A. Background

Until a few years ago, it was widely assumed that the
Newtonian inverse square law !ISL" should be valid for
length scales from infinity to roughly the Planck length RP
"!G*/c3"1.6#10!35 m, at which scale quantum effects
must become important. After all, the usual argument went,
the exponent 2 in the force law simply reflects the fact that
we live in a 3-dimensional world. A wide variety of recent
theoretical speculations, motivated in part by string-theory
considerations, have raised the possibility that fundamentally
new phenomena could occur at length scales below 1 mm.
Many of these speculations are driven by the two so-called
hierarchy problems of gravity:
The gauge hierarchy problem. Gravity is extraordinarily

weak compared to the other fundamental forces. The Planck
mass MP"!*c/G"1.2#1016 TeV/c2 is huge compared to
the electroweak scale MEW+1 TeV/c2. It has been argued
,1- that the true Planck mass, M* , could be as low as
1 TeV/c2 if some of the ‘‘extra’’ space dimensions de-
manded by string-theory are ‘‘large’’ compared to the Planck
length. It is possible that the size of some of the ‘‘large extra
dimensions’’ could be large enough to alter the gravitational
Gauss law, so that gravity would become anomalously strong
in an experimentally accessible regime ,1-.
The cosmological constant problem. The observed gravi-

tating vacuum-energy density is vanishingly small compared
to the predictions of quantum mechanics. The gravitating
energy density .vac+0.7.c , inferred from a wide variety of
astrophysical observations ,2-, is at least 1060 times smaller
than the predicted zero-point energy for a cutoff of MP . The
observed energy density corresponds to a length scale Rvac
"!,4*c/.vac/0.1 mm and an energy of !,4(*c)3.vac
/2 meV that may have fundamental significance ,3-. It has
been suggested that the apparent inability of gravity to ‘‘see’’

the vacuum energy could be explained if the effective theory
of gravity had a cutoff of +1 meV ,4,5-, so that gravity
would effectively ‘‘shut off’’ at length scales less than Rvac .
Experimental tests of the gravitational ISL also probe cer-

tain speculations about non-gravitational physics. The stan-
dard model of particle physics cannot be complete and many
ideas for extending it predict very-low-mass scalar or vector
bosons that could produce short-range exchange forces that
would appear as violations of the ISL !see, for example, an
extensive summary in Ref. ,6-".
The desire to test a basic law in a previously inaccessible,

but very interesting, regime motivated the work we report
here. Some of the work we report in this paper has already
appeared in Letter form ,7-. This paper includes additional
experimental work and an improved analysis; it supercedes
Ref. ,7-.

B. Parametrizations

It is now customary to interpret experimental tests of the
ISL as setting bounds on a possible Yukawa addition to the
familiar 1/r Newtonian potential

V!r ""!G
m1m2

r ,1$%e!r/'- , !1"

where % is a dimensionless strength parameter and ' a
length scale. The Yukawa potential is, of course, the static
limit of the interaction from exchange of a boson of mass
m"*/(c') in which case % is proportional to the squared
product of the appropriate coupling constants. This Yukawa
form is obviously appropriate for the boson-exchange forces
mentioned above. It is also a good approximation to the ef-
fects one expects from large extra dimensions until the sepa-
ration of the interacting bodies becomes comparable to or
smaller than the size of the large extra dimensions ,8-.
The ISL can also be violated by power-law potentials,

which we parametrize as*Currently at Physikalisches Institut, Heidelberg, Germany.
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example Refs. !2,28"#. These efforts to solve the problem fall
into 2 broad classes: attempts to find a mechanism for radi-
cally reducing the quantum mechanical prediction for the
vacuum energy density, or attempts to find a mechanism for
reducing the gravitational coupling to the standard vacuum
energy. The latter attempts are particularly interesting from
the standpoint of this work. Beane !3" argued that in any
local effective quantum field theory, naturalness implies new
gravitational physics at length scales of about a millimeter
that would cut off shorter distance contributions to the
vacuum energy. Sundrum !4" proposed that the graviton is a
‘‘fat’’ object with a size of about Rvac and has been exploring
how this might reduce its coupling to the vacuum energy !5",
although it is not yet clear how self-consistent this is. This
scenario makes a definite prediction that gravity ‘‘shuts off’’
at length scales below about 100 $ m. In the framework of a
Yukawa ISL violation, this corresponds to %!"1 with &
'0.1 mm.

III. APPARATUS

A. General principles

To test the ISL at smaller length scales than had been
studied before, we developed a new torsion-balance instru-
ment, shown schematically in Fig. 2, that used planar test
bodies rather than cylindrical !9" or spherical !10" bodies that
had been employed previously. Our test bodies were the
‘‘missing masses’’ of holes bored into cylindrically sym-
metrical plates. In each of the two first-generation experi-
ments reported here, the active component of the torsion
pendulum was a thin ring containing 10 cylindrical holes
equally spaced around the azimuth, and the pendulum was
suspended above a uniformly rotating, circular attractor disk
containing 10 similar holes. In the absence of the holes, the
disk’s gravity would pull directly down on the ring and could
not twist it. But because of the holes, the ring was twisted by
a torque N(()!")V(()/)( where V(() is the potential
energy of the ring in the field of the disk when the disk’s
holes are displaced by an angle (with respect to those in the

pendulum. This torque oscillated 10 times for every revolu-
tion of the disk. V(() was not a simple sinusoidal function
of ( so that rotating the attractor at frequency * produced
torques at frequencies of 10* and its integer multiples. The
10* , 20* , and 30* torques, N10 , N20 , N30 , were measured
as functions of the vertical separation between the bottom of
the pendulum and the top of the attractor +higher harmonic
twists were greatly attenuated by the inertia of the pendulum
and did not provide useful signals#. By placing the signals at
high multiples of the rotation frequency, * , we reduced
many potential systematic errors. We minimized electrostatic
interactions between the attractor and pendulum by interpos-
ing a stiff conducting membrane between the attractor and
the pendulum and surrounding the pendulum with an almost
complete Faraday cage.
The experiments were turned into approximate null mea-

surements by attaching a second, thicker, disk to the bottom
of each attractor. This disk also had 10 equally-spaced holes
bored into it, but the holes were rotated by 18 degrees com-
pared to those in the upper disk. The dimensions of these
thicker and larger-diameter holes were chosen so that the
10* Newtonian torque on the pendulum from the upper at-
tractor holes was essentially cancelled by the 10* Newton-
ian torque from the lower holes. On the other hand, torques
from a short-range interaction with a length-scale less than
the thickness of the upper attractor disk could not be can-
celled because the lower attractor was too far from the pen-
dulum ring. The 20* and 30* Newtonian torques were re-
duced much less substantially than the Newtonian 10*
torque.
Data were taken at separations ranging from s

!10.77 mm to s!137 $ m, where s is the distance from the
top of the attractor to the bottom of the pendulum. The sig-
natures distinguishing conventional gravity from new short-
range physics were

+1# A characteristic shape of the Newtonian 10* torque
N10
G . The cancellation of N10

G was a strong function of s.
In Experiment I, N10

G was exactly cancelled at s
,2 mm, undercancelled for s#2 mm and overcan-
celled for s$2 mm. On the other hand, for ranges of
interest the Yukawa torque N10

Y was a monotonically de-
creasing function of s. As a result, the exact location of
the zero-crossing was very sensitive to any violation of
the ISL. In Experiment II, the cancellation occurred at
s,3.3 mm.

+2# A relatively high harmonic content of the Newtonian
torque. N20

G and N30
G were comparable to N10

G because N10
G

was highly cancelled while N20
G and N30

G torques were
not. On the other hand, N20

Y and N30
Y will be much less

important than N10
Y .

The predicted Newtonian, Yukawa and power-law torques
are shown as functions of s in Fig. 3.
We inferred the harmonic components of the torque from

the pendulum twist which we measured by reflecting a laser
beam from a mirror attached to the pendulum body. These
measured torques were then compared to calculations of the
expected Newtonian and possible Yukawa and power-law ef-

FIG. 2. +Color online# Torsion pendulums and rotating attractors
used in Experiments I +left# and II +right#. The active components
are shaded. For clarity, we show an unrealistically large vertical
separation between the pendulums and attractors, and omit the con-
ducting membranes and attractor drive mechanisms.
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Quantum gravity correction to 
Newton’s Law

• We can easily deduce the quantum gravitational corrections to the 
Newtonian potential of a point mass

• Note that the imaginary parts of the masses cancel out.

• In the absence of accidental fine cancellations between both Yukawa 
terms, the current bounds imply m0 , m2 > (0.03 cm)−1 = 6.6 ×10−13 GeV. 

• Note that the experiment performed by Hoyle et al. is probing separations 
between 10.77 mm and 137 μm, a cancelation between the two Yukawa 
terms on this range of scales seems impossible without modifying general 
relativity with new physics to implement a screening mechanism. 
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Naively, kµ⌫ appears to be a ghost, we will however argue that it is to be since as a massive

spin-2 field that couples with a negative coupling constant MP to matter. The masses of

fields can be identified by studying the poles of this expression. The massive modes appear

as pairs of complex poles in the propagator. A careful reader will have noticed the minus

sign in front of the massive spin-2 mode. This is the well known ghost due to the the term

Rµ⌫R
µ⌫ . However, the corresponding state is purely classical and it does not lead to any

obvious pathology. The is simply a repulsive classical force. We will show that the emission

of this massive spin-2 wave leads to the production of wave with positive energy. This state

simply e↵ectively couples with a negative Newton’s constant to matter. It is crucial to

appreciate that this mode is purely classical and should not be quantized as it is obtained

by integrating out the quantum fluctuations of the graviton from the original action.
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where W (x) is the Lambert function. This e↵ective Newtonian potential is a generalization

of Stelle’s classical result [3], it includes the non-local operators as well as the local ones and

thus contains all the quantum gravitational corrections at second order in curvature. As

emphasized already, the masses correspond to pairs of complex poles in the green’s functions

of the massive spin-2 k
µ⌫ and spin-0 � states. The masses may be complex depending on

the values of the parameters ci, bi and µ, in other words they may contain a width. The
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Summary of bounds on the EFT parameters
• We can describe any theory of quantum gravity below the Planck 

scale using effective field theory techniques:

• Planck scale
• LC~10-12 GeV; cosmological constant.
• M�> few TeVs from QBH searches at LHC and cosmic rays.
• Dimensionless coupling constants x, c1, c2

– c1 and c2 <1061 [xc, Hsu and Reeb (2008)]

R2 inflation requires c1=9.7 � 108 (Faulkner et al. astro-ph/0612569]).
– x < 2.6 � 1015 [xc & Atkins, 2013]

Higgs inflation requires x~104.
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Can quantum gravity account for dark matter?

• If the massive spin-0 and spin-2 fields are components of the 
dark matter content of the universe nowadays, their masses have 
to be such that none of these partial decay widths should enable 
these fields to decay faster than the current age of the universe.

• From the requirement that the lifetime of the spin-0 σ is longer 
than current age of the universe, we can thus get a bound on c2
using the gravitational decay width. 

• We find 

and thus and a similar bound on
24

If the massive spin-0 and spin-2 fields are components of the dark matter content of the

universe nowadays, their masses have to be such that none of these partial decay widths

should enable these fields to decay faster than the current age of the universe. From the

requirement that the lifetime of the spin-0 � is longer than current age of the universe, we

can thus get a bound on c2 using the gravitational decay width. We find

⌧ = 1/� = 7.2⇥ 10�17
q

c
3
2 GeV�1

> 13.77⇥ 109y (19)

and thus c2 > 4.4⇥ 1038. The same reasoning leads to a similar bound on 3c1 + c2. We can

then deduce a maximal mass for the dark matter candidate, M0 < 0.16 GeV. Note that Eöt-

Wash [18] implies c2 < 1061, we thus have a bound 4.4⇥1038 < c2 < 1061 and 1⇥10�12 GeV <

M0 < 0.16 GeV. Again a similar bound applies to the combination 3c1 + c2 and thus to M2.

Clearly such light dark matter candidates could not decay to the massive gauge bosons of

the standard model, its charged leptons such as the electron or the quarks. They could

however decay to gluons, photons and potentially neutrinos. The decay to photons might

be of astrophysical relevance and could be observable by gamma-ray experiments.

While we have established that quantum gravity provides two new candidates for dark

matter, it remains to investigate their production mechanism. Thermal production is a pos-

sibility, but we would have to consider all higher order operators as we would need to consider

temperatures larger than the Planck mass T � MP since these objects are gravitationally

coupled to all matter fields. Also we may not want to involve temperatures above the in-

flation scale which we know is at most 1014 GeV. The weakness of the Planck-suppressed

coupling hints at the possibility of out-of-equilibrium thermal production as argued in [22].

However, the mass range allowed for the dark matter particles within that framework is given

by TeV< mDM < 1011 GeV [22] and it is not compatible with our ranges for the masses

of our candidates. The fact that our dark matter candidates are light points towards the

vacuum misalignment mechanism, see e.g. [23]. Indeed, in an expanding universe both � and

k have an e↵ective potential in which they oscillate. The amount of dark matter produced

by this mechanism becomes simply a randomly chosen initial condition for the value of the

field in our patch of the universe.

In summary, we have shown that gravity, when quantized, provides new dark matter

candidates. As these fields must live long enough to still be around in today’s universe their

masses must be light otherwise they would have decayed long ago. It is quite possible that

gravity can account for all of dark matter in the form of primordial black holes and the new

fields discussed in this paper without the need for new physics.

Acknowledgments: The work of XC is supported in part by the Science and Technology

Facilities Council (grant number ST/P000819/1). XC is very grateful to MITP for their

generous hospitality during the academic year 2017/2018.
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Quantum Gravity as Dark Matter

• Note that the Eöt-Wash experiment implies c2 < 1061.

• We thus find a  bound: 

4.4×1038 < c2 < 1061 or  1×10−12 GeV < M0 < 0.16 GeV. 

• Again a similar bound applies to the combination 3c1 + c2 and thus to M2. 
• Clearly such light dark matter candidates could not decay to the massive 

gauge bosons of the standard model, its charged leptons such as the 
electron or the quarks. 

• They could however decay to gluons, photons and potentially neutrinos. 

• The decay to photons might be of astrophysical relevance and could be 
observable by gamma-ray experiments. 
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Production of Dark Matter

• The fact that our dark matter candidates are light points towards 
the vacuum misalignment mechanism.

• Indeed, in an expanding universe both σ and k have an effective 
potential in which they oscillate. 

• The amount of dark matter produced by this mechanism 
becomes simply a randomly chosen initial condition for the 
value of the field in our patch of the universe. 

• Quantum gravity could thus easily account for dark matter, 
maybe in conjunction with primordial black holes.
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Gravitational Waves
• The new modes could affect the dynamics between two astrophysical 

bodies via the modified Newtonian potential.

• Furthermore, the new classical fields could be produced in high energetic 
astrophysical or cosmological events.

• In binary system, only the massive spin-2 can be produced, it has 5 
polarizations.  As the trace of the energy-momentum tensor is conserved the 
spin-0 cannot be produced.

• In phase transitions, both the massive spin-0 and spin-2 modes could be 
produced.

• There are thus three kinds of waves in quantum gravity: the massless 
gravitational waves that have just been observed and massive waves.



• A typical merger has enough energy to produce the new waves:
36 M☉+ 29 M☉→ 62M☉+3M☉(gravitational wave)

• But, the bound on the quantum gravitational corrections to 
Newton’s potential imply that quantum gravity could only impact 
the final moments of the inspiraling of binary of two neutron stars 
or of two black holes. 

• Their effect will only become relevant at distances shorter than 0.03 
cm. 

• This distance is well within the Schwarzschild radius of any 
astrophysical black hole and clearly tools from numerical relativity 
need to be employed to obtain a reliable computation. 

• Maybe the situation is not so bad for black holes as the mass is 
centered around the “singularity”.
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• A lengthy calculation leads to a remarkable result: the energy E carried 
away by the massive spin-2 mode from a binary system per frequency is 
identical to that of massless spin-2 mode: 

• The total wave emission by a binary system is thus given by 

• This is the confirmation of what I had told you already, the massive spin-2 
is not a ghost, it is simply a field that couples to matter with the opposite 
sign in comparison to the massless spin-2 classical graviton. 

• Note that the massive waves will be damped, e.g.: 
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ward manner:

fGW (t) =
!(t)
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dL

2GN

c4
2µ!(t)r2(t) (11)

where dL is the luminosity distance of the source.

While it is easy to calculate fGW and AGW explicitly, it is clear that the quantum grav-

itational corrections to the emission of gravitational waves can only become relevant when

the two objects are closer than 0.03 cm given the bound derived on the mass of the massive

spin-2 object using data from the Eöt-Wash experiment 3. This distance is well within the

Schwarzschild radius of any astrophysical black hole and clearly tools from numerical rela-

tivity need to be employed to obtain a reliable computation. Note that for black holes the

mass is concentrated at their center and very close to the singularity. While the horizons

will have started to merge, the two singularities could be within a reasonable distance of

each other. In that sense our approximation may not be so rough. In any case it is clear

that incorporating our quantum gravitational e↵ect in numerical relativity calculations [32]

represents a real technical challenge as the interior of black holes is usually excised to avoid

having to discuss the singularity. However, the new states can only be relevant when the

distance between the two black hole singularities become of the order of the inverse of the

mass of the massive spin-2 object.

Besides the usual massless gravitational waves, there are two new kind of radiations,

namely the massive spin-0 and spin-2 could in principle be produced in energetic astrophys-

ical or cosmological events. However, in the case of a binary system, because the center of

mass of the system is conserved, the spin-0 wave cannot be produced. However, the massive

spin-2 could be emitted in the last moment of a merger when the two inspiraling objects are

closer than the inverse of the mass of the massive spin-2 field. A lengthy calculation leads to

a remarkable result. The energy E carried away by the massive spin-2 mode from a binary

system per frequency is identical to that of massless spin-2 mode:

dEmassive

d!
=

GN

45
!
6
hQijQ

ij
i✓(! �m2) (12)

up to a Heaviside step function which prevents the emission of massive waves when the

energy of the system is below the mass threshold. Note that as usual Qij is the quadrupole

moment of the binary system. The total wave emission by a binary system is thus given by

dE

d!
=

dEmassless

d!
+

dEmassive

d!
, (13)

3The e↵ects of the 1/r2 and 1/r3 terms identified in [3], which are quantum corrections to the propagation

of the massless mode will be considered elsewhere [31].
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model independent predictions of quantum gravity, see e.g. [17] and references therein. They

are related to the number of fields that have been integrated out. The non-renormalizability

of the e↵ective action is reflected in the fact that we cannot predict the coe�cients ci which,

in this framework, have to be measured in experiments or observations. There will be new ci

appearing at every order in the curvature expansion performed when deriving this e↵ective

action and we thus would have to measure an infinite number of parameters. Despite this

fact, the e↵ective theory leads to falsifiable predictions as the coe�cients bi of non-local

operators are, as explained previously, calculable.

In [11,15], it was shown how to identify the new degrees of freedom by finding the poles of

the Green’s function obtained by varying the linearized version of the action given in Eq.(1)

with respect to the metric. Besides the usual massless pole, one finds two pair of complex

poles. The complex pole for the massive spin-2 object is given by

m
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while that of the massive spin-0 reads
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�3c1�c2
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where W (x) is the Lambert function and 
2 = 32⇡G, G is Newton’s constant. The bi for the

graviton are known: b1 = 430/(11520⇡2), b2 = �1444/(11520⇡2) and b3 = 434/(11520⇡2).

The bi are thus small and unless the ci are large, the masses m2 and m0 will be close to the

Planck mass MP and the corresponding fields will decay almost instantaneously [12]. As we

are interested in the case where the new fields are light, it is useful to consider the limit

where the ci (or one of them at least) are large and bi ⌧ ci. In that case we can rewrite the

masses as

m
2
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2c2
� i⇡

2

2c22

(b2 + 4b3), (4)

so we need to pick c2 < 0 and
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2
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2(3c1 + c2)
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2(3c1 + c2)2
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where we assumed that the renormalization scale µ ⇠ 1/, i.e. we assume that the e↵ective

field theory is valid up to the reduced Planck scale. As done in [12], we can identify the mass

and width of the respective field using m
2
i = (Mi� i�i/2)2. Note that the complex conjugate

solutions m
?
2 and m

?
0 which lead to a positive sign between the mass and the width in the

2



• Quantum effects could also impact black holes themselves and thus 
matter for gravitational wave production.

• We have thus revisited the issue of quantum corrections to the 
Schwarzschild black hole solution which have been studied in the past 
by Duff and Donoghue et al. . 

• We identify a complication which has not been realized previously, 
namely that of how to define a black hole.

Quantum Corrections to Black Holes



• A mathematically consistent way to define a black hole is to define 
it as a static vacuum solution, i.e., an eternal black hole.

• If this definition is adopted, we obtain a result that differs from 
previous investigations by Duff or Donoghue et al. 

• In particular, we  have shown  that there are no correction at 2nd

order in curvature to the Schwarzschild solution.

• Leading order quantum corrections to vacuum solutions appear at 
3rd order in curvature.

• On the other hand, we found that if we look at quantum corrections 
to a collapsing star modeled by a ring of matter, we do find 
corrections at 2nd order in curvature.



Absence of perturbative correction to 
Schwarzschild black hole 

• We write the metric as follows

where gq represents the quantum correction to Schwarzschild solution.

• Linearizing the field equations around gSch, one finds 

• It is well known that Hμν[gSch] = 0

• A lengthy calculation shows that Hμν
q[gSch] = 0. 

• There are no correction to Schwarzschild’s metric at 2nd order in 
curvature

theory only up to quadratic order5. The non-local contribution to the equations of motion

reads

H
q
µ⌫ =

1

2
gµ⌫


↵R ln

✓⇤
µ2

◆
R + �R↵� ln

✓⇤
µ2

◆
R

↵� + �R↵��⌧ ln

✓⇤
µ2

◆
R

↵��⌧

�

�


2↵

�R

�gµ⌫
ln

✓⇤
µ2

◆
R + 2�

�R
�
↵

�gµ⌫
ln

✓⇤
µ2

◆
R

↵
� + �

�R�↵�⌧

�gµ⌫
ln

✓⇤
µ2

◆
R

�↵�⌧ (7)

+�
�R

�↵�⌧

�gµ⌫
ln

✓⇤
µ2

◆
R�↵�⌧

�
.

Note that there is no way to place the indices on the Riemann tensor such that the last piece

is manifestly symmetric. Hence, we choose to vary each tensor separately. The variation

of both the Ricci tensor and Ricci scalar is simple but we choose not to display since these

terms do not e↵ect our analysis in the next section. The variation of the last two terms in

Eq. (7) yields
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We are now in a position to investigate corrections to the Schwarzschild solution.

3 Absence of perturbative correction to Schwarzschild

black hole

In this section we look for spherically symmetric black holes in the vacuum of the theory in-

cluding the full set of quantum corrections up to quadratic order in curvatures. Indeed, this is

quite complicated to do in full generality since the equations of motion are integro-di↵erential.

Analytic solutions are almost impossible to find and ultimately one must resort to numerical

methods. Here, we instead look for linearized solutions around the Schwarzschild black hole

solution. This, on one hand, gives us analytic handle on the problem and it conforms to the

expectation of the e↵ective theory framework in the sense that quantum-induced corrections

should be small compared to the classical solution.

Precisely, we write the metric as follows

gµ⌫ = g
Sch.
µ⌫ + g

q
µ⌫ , (9)

where g
q represents the quantum correction to Schwarzschild solution. Linearizing Eq. (5)

around g
Sch.
µ⌫ one finds

G
L
µ⌫ [g

q] +Hµ⌫

⇥
g
Sch.

⇤
+H

q
µ⌫

⇥
g
Sch.

⇤
= 0 , (10)

5
Note, nevertheless, that these contributions to the equations of motion are of the same order in derivatives

as the ones considered here.
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quite complicated to do in full generality since the equations of motion are integro-di↵erential.

Analytic solutions are almost impossible to find and ultimately one must resort to numerical

methods. Here, we instead look for linearized solutions around the Schwarzschild black hole
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Precisely, we write the metric as follows
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Note, nevertheless, that these contributions to the equations of motion are of the same order in derivatives

as the ones considered here.
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• While there are no corrections at quartic order in curvature, which is in 
sharp contrast with previous results, there will be corrections at higher 
order for example higher dimensional operators such as 

• will lead to quantum corrections of the Schwarzschild solution. 

• We are doing perturbation around the standard Schwarzschild solution 

• Far away from the hole, we find 

• This simply demonstrates that the Schwarzschild solution is not a solution 
of the field equations when higher dimensional operators of dimensions 
d≥6 are included. 
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which vanishes since the integrant is not singular in the limit r1 ! r, i.e. the principle

value integral is equal to zero. This also shows that our result is coordinate independent as

expected.
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where we are doing perturbation around the standard Schwarzschild solution A(r) = 1 �

2MG
r + h(r). Far away from the hole, we find8
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576⇡G3

NM
2
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This simply demonstrates that the Schwarzschild solution is not a solution of the field equa-

tions when higher dimensional operators of dimensions d � 6 are included.

4 Singularity avoidance?

An immediate consequence of our result is that the singularity avoidance observed in [5] is

non-universal as the very same operators do not cure the curvature singularity of an eternal

Schwarzschild black hole. However, it is important to keep in mind that these results are

obtained in perturbation theory.

We actually have indications that perturbation theory will break down below the reduced

Planck mass. The non-local operators (3) lead to a modification of the propagator for the

graviton given by
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Note that there are several local as well as non-local operators at cubic order that would contribute

similarly.
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Corrections to the gravitational field of 
a static source 

• It is interesting to understand the effect of the quantum induced non-
locality on the field of a static spherically symmetric object such as a star. 

• We aim for a simplified treatment and thus we only consider

• We use a perturbative approach again compatible with our EFT approach.

• The solution to Einstein equation for a constant density star is known in 
closed form.

fluctuations of the metric, or any other massless field3, result in a non-local e↵ective action

organized as an expansion in curvatures [5, 11–13]. The final outcome is composed of two

parts

�[g] = �L[ci(µ)] + �NL , (1)

where the first piece comprises the local e↵ective Lagrangian with renormalized constants.

The local part of the Lagrangian contains information about the unknown ultra-violet portion

of the theory. The second piece is the non-local portion encoding the infra-red e↵ects. To

second order in curvatures [5], we have4

�(2)
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4
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
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2 + c2(µ)Rµ⌫R
µ⌫ + c3(µ)Rµ⌫↵�R

µ⌫↵�

�
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�
. (3)

The various coe�cients are given in [5]. In fact, we can invoke the Gauss-Bonnet theorem

to express the local action in terms of two independent invariants. We choose to eliminate

the Riemann tensor in Eq. (2) which changes the coe�cients to

c̄1 = c1 � c3, c̄2 = c2 + 4c3, c̄3 = 0 . (4)

The resulting equations of motion are

Gµ⌫ +Hµ⌫ +H
q
µ⌫ = 0 , (5)

where Gµ⌫ is the Einstein tensor, Hµ⌫ and H
q
µ⌫ comprise respectively the local and non-local

parts of the quantum correction to the field equations. The local contribution is given by

Hµ⌫ = c̄1(µ)
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◆
. (6)

Let us now consider the remaining tensor H
q
µ⌫ which is the result of varying the non-local

action. A consistent method to vary the logarithm has been constructed in [14] and have

been shown to contribute to the equation of motion terms cubic in curvatures. The result is

indeed quite complicated, however, we do not consider such terms as our aim is to study the

3
This is certainly a valid approximation if one is working at energies between the weak scale and the

Planck mass.

4
We dropped a total derivative ⇤R as it does not a↵ect the equations of motion.
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• Outside the star, the non-locality introduces a non-trivial contribution 

where the integral extends only over the source region, 
T = !0 – 3 P is the trace of the energy-momentum tensor, !0 is the mass 
density and P is the pressure. 

• Both the pressure and metric functions are known in the interior of the 
star

where RS is the radius of the star.
• Far away from the source, we find

• The limit RS to 0 is ill-defined, we can’t recover the eternal black hole 
result in that limit.

to Eq. (10)

G
L
µ⌫ = ↵(16⇡GN)

2(rµr⌫ � gµ⌫⇤)

Z
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d
4
x
0p

g L(x, x0;µ)T , (29)

where the integral extends only over the source region, T = ⇢0 � 3P is the trace of the

energy-momentum tensor, ⇢0 is the mass density and P is the pressure. Note that here the

perturbative treatment is insensitive to the ultra-violet, the local pieces in Eq. (2) drop

out. Both the pressure and metric functions are known in the interior of the star [18], for

example,

P (r) = ⇢0
(1� 2GMr

2
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3
S)

1/2
� (1� 2GM/RS)1/2

(1� 2GM/RS)1/2 � 3(1� 2GMr2/R3
S)
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, (30)

where RS is the radius of the star. To analyze the field far away from the source, it is enough

to expand the right-hand side in powers of GN . To lowest order, we have10

G
L
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�
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where RS is the radius of the star and the pressure drops out since it is O(G). We fix the

gauge by looking for spherically symmetric perturbations

g
q
✓✓ = g

q
�� = 0 . (32)

Far away from the source, we find the leading correction

g
q
tt =

18↵l2P
R

2
S

2GNM

r
, g

q
rr =

12GNM↵l
2
P

r3
. (33)

Note that it is not possible to recover our previous result for an eternal Schwarzschild black

hole by taking the limit RS = 0 as this limit is ill-defined.

6 Comments on previous results

In Section 3, we established that the Schwarzschild black hole solution furnishes an exact

solution to the non-local equations of motion accurate up to quadratic order in curvatures.

The expected breakdown of Birkho↵’s theorem led us to study the field of a static star and

we identified the leading non-trivial quantum correction. In the current section we scrutinize

the previous results obtained in [6,7] and discuss them in light of our findings. We will argue

that studying quantum corrections to black holes must be done using the e↵ective action

formalism.
10
Note that we are working with flat-space derivatives in spherical coordinates.

9
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to expand the right-hand side in powers of GN . To lowest order, we have10

GL
µν = (2πρ0α)(16πGN)

2
(

∂µ∂ν − ηµν∂
2
)

[

RS

r
+ ln

(

r +RS

r −RS

)]

(31)

where RS is the radius of the star and the pressure drops out since it is O(G). We fix the

gauge by looking for spherically symmetric perturbations

gqθθ = gqφφ = 0 . (32)

Far away from the source, we find the leading correction

gqtt =
18αl2P
R2

S

2GNM

r
, gqrr =

12GNMαl2P
r3

. (33)

Note that it is not possible to recover our previous result for an eternal Schwarzschild black

hole by taking the limit RS = 0 as this limit is ill-defined.

6 Comments on previous results

In Section 3, we established that the Schwarzschild black hole solution furnishes an exact

solution to the non-local equations of motion accurate up to quadratic order in curvatures.

The expected breakdown of Birkhoff’s theorem led us to study the field of a static star and

we identified the leading non-trivial quantum correction. In the current section we scrutinize

the previous results obtained in [6,7] and discuss them in light of our findings. We will argue

that studying quantum corrections to black holes must be done using the effective action

formalism.
10Note that we are working with flat-space derivatives in spherical coordinates.
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• While eternal black holes are mathematically well defined, they 
may not capture the full physical picture.

• A real, astrophysical, black hole is the final state of the evolution 
of a matter distribution, for example of a heavy star, after it has 
undergone gravitational collapse. 

• This process is certainly not happening in vacuum. 

• This raises the question of how to define a real astrophysical black 
hole and of how to calculate quantum corrections to its metric. 



Quantum gravity and minimalistic inflation models

• Given the lack of new physics at the LHC, it is crucial to investigate 
whether the standard model Higgs and/or general relativity can 
describe inflation.

• The EFT approach to quantum gravity is the right framework for this.

• We need scalar degrees of freedom: Higgs boson or the scalar hidden 
in higher gravitational operators such as R^2 (Starobinsky inflation).

• Quantum gravity offers diverse model building options for inflation: 
Higgs inflation, Starobinsky or Higgs-Starobinsky inflation.
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Higgs inflation

38

A large non-minimal coupling
does not introduce a new energy scale
below the Planck scale

Our work demonstrates that 
the potential is stable and the model
viable! 



R2 inflation 

• The model is defined by the action in the Jordan frame

• which corresponds to an Einstein frame action given by

• Assuming that the scalar field σ hidden in R2 takes large values in 
the early universe, a successful prediction of the density 
perturbation δρ/ρ requires
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Strength of gravity 
and Grand Unification

• EFT techniques can be applied in models of grand unified 
theory.

• Already 1000 new particles can affect MP and reduce its 
value by one order of magnitude!

• 1000 new particles: this is quite common in GUTs!

• That’s important for grand unified theories:



Typical argument for 
supersymmetry



The new operators change the unification condition

where

renormalization scale needs to be adjusted to match the number of particles included in the

model. Indeed, to a good approximation the real part of the complex pole is of the order of

|Re q2| ⇠
r

120⇡

NGN
(5)

which corresponds to the energy scale M? at which the e↵ective theory breaks down. Indeed,

the complex pole will lead to acausal e↵ects and it is thus a signal of strong quantum

gravitational e↵ects which cannot be described within the realm of the e↵ective theory. We

should thus pick our renormalization scale µ of the order of M? ⇠ |Re q2|. We have

q22 ⇡ ± 1

GNN

120⇡

W (�1)
⇡ ⌥(0.17 + 0.71 i)

120⇡

GNN
, (6)

and we thus find the mass of the complex pole:

m2 = (0.53� 0.67 i)

r
120⇡

GNN
. (7)

As emphasized before, the mass of this object depends on the number of fields in the theory.

The corresponding wave has a frequency:

w2 = q02 = ±
r
~q2.~q2 + (0.17 + 0.71 i)

120⇡

GNN
(8)
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The imaginary part of the complex pole will lead to a damping of the component of the grav-

itational wave corresponding to that mode. The complex poles are gravitationally coupled to

matter, we must thus assume that the massive modes are produced at the same rate as the

usual massless graviton mode if this is allowed kinematically. During an astrophysical event

leading to gravitational waves, some of the energy will be emitted into these massive modes

which will decay rather quickly because of their large decay width. The possible damping

of the gravitational wave implies that care should be taken when relating the energy of the

gravitational wave observed on earth to that of the astrophysical event as some of this energy

could have been dissipated away as the wave travels towards earth.

The idea that gravitational waves could experience some damping has been considered

before [10], however it is well known that the graviton cannot split into many gravitons,

3

We expect strong gravitational effects at an energy scale of (linked to 
perturbative unitarity bound and resummation/self-healing).

So MP in our dim 5 operator should really be that scale! 

the value µ⇤. In many Grand Unified models, the large number of fields can cause the true

scale µ⇤ of quantum gravity to be significantly lower than the naive value MPl ⇠ 1019 GeV.

In fact, from the above equations, one finds

µ⇤ = MPl/⌘ , (3)

where, for a theory with N ⌘ N0 +N1/2 � 4N1,

⌘ =

r
1 +

N

12⇡
. (4)

In [7], quantum gravity e↵ects have been shown to a↵ect the unification of gauge couplings

(see [9–18],for a non-exhaustive list of papers). The lowest order e↵ective operators induced

by a quantum theory of gravity are of dimension five, such as [9, 10]

c

µ̂⇤
Tr (Gµ⌫G

µ⌫
H) , (5)

where Gµ⌫ is the Grand Unified Theory field strength and H is a scalar multiplet. This

operator is expected to be induced by strong non-perturbative e↵ects at the scale of quantum

gravity, so has coe�cient c ⇠ O(1) and is suppressed by the reduced true Planck scale

µ̂⇤ = µ⇤/
p
8⇡ = M̂Pl/⌘ with M̂Pl = 2.43⇥ 1018 GeV.

The importance of gravitational e↵ects were illustrated in [7] using the example of SUSY-

SU(5). Operators similar to (5) are present in all Grand Unified Theory models and an

equivalent analysis applies.

In SU(5) the multiplet H in the adjoint representation acquires, upon symmetry breaking

at the unification scaleMX , a vacuum expectation value hHi = MX (2, 2, 2,�3,�3) /
p
50⇡↵G,

where ↵G is the value of the SU(5) gauge coupling at MX . Inserted into the operator (5),

this modifies the gauge kinetic terms of SU(3)⇥SU(2)⇥U(1) below the scale MX to

�
1

4
(1 + ✏1)Fµ⌫F

µ⌫
U(1) �

1

2
(1 + ✏2) Tr

⇣
Fµ⌫F
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⌘

�
1

2
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⌘ (6)
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✏2

3
= �

✏3

2
=

p
2

5
p
⇡

c⌘
p
↵G

MX

M̂Pl

. (7)

After a finite field redefinition A
i
µ ! (1 + ✏i)

1/2
A

i
µ the kinetic terms have familiar form,

and it is then the corresponding redefined coupling constants gi ! (1 + ✏i)
�1/2

gi that are

observed at low energies and that obey the usual RG equations below MX , whereas it is the
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• One can show that this gravitationally interaction between the 
Higgs bosons of the grand unified theory and the force carriers of 
the grand unified theory leads to an uncertainty which is bigger 
than the two loop effect when it comes to the unification of the 
gauge coupling

• E.g. the uncertainty in a1at the unification scale due to the new 
operator is of the order of 2.1% whereas the two loop correction 
is of the order of 1.7%

• Furthermore, for many values of c and N, there is no solution to 
the unification condition.

• On the other hand, we can easily unify models which apparently 
don’t work out (like the standard model) without the need for low 
energy new physics.

• NB: there are similar operators affecting the unification of 
fermion masses:
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original coupling constants that need to meet at MX in order for unification to happen. In

terms of the observable rescaled couplings, the unification condition therefore reads:

αG = (1 + ϵ1)α1(MX) = (1 + ϵ2)α2(MX)

= (1 + ϵ3)α3(MX) .
(8)

In was shown in [5] that the effects can be larger than the two loop effects considered

in e.g. [2] and that it could either invalidate claims of a perfect unification SUSY-Standard

Model or on the contrary help to unify models which apparently would not unify their gauge

couplings.

In this work we point out that the same physical effect can have important implications

for fermion masses. Again we will be using a simple SU(5) model to make our point more

explicit, but our results can be trivially generalized to any Grand Unified Theory. One of the

most interesting predictions of a Grand Unified Theory, besides the unification of the gauge

couplings at the unification scale, is the unification of some of the fermion masses at the

unification scale. Fermion masses are generated by the Yukawa interactions. For example,

in the simple SU(5) grand unification model with a Higgs in the 5 representation, one has

L = {GdΨ̄
c
jRΨ

j
kLH

k(5) +GuεjklmnΨ̄
c jk
L Ψlm

L Hn(5)}+ h.c. (9)

= −
2Mw√
2g2

[Gd(d̄d+ ēe) +Gu8[ūu]] (10)

and one obtains

md(MX) = me(MX) = −
2Mw√
2g2

Gd (11)

where Mw is the W -boson mass, g2 the SU(2) gauge coupling and Gi are Yukawa couplings.

This is one of the most exciting results of Grand Unified Theories, namely at the unification

scale MX the masses of the down-type quarks are equal to the masses of the charged leptons,

while the mass of the u-type quarks are not related to other parameters of the model. The

up-type quark masses are given by mu(X) = −16Mw√
2g2

Gu at the unification scale.

In analogy to (5), there are also dimension five operators which can affect the fermions

masses. They have been considered a while ago by Ellis and Gaillard [18] (see also [19])

c

µ̂⋆
Ψ̄φΨH + h.c. (12)

where Ψ are fermion fields, φ and H some scalar bosons multiplets chosen in appropriate rep-

resentations. In a simple SU(5) toy model with scalar fields in the 24 and 5 representations,

3



•

Usual solution: a3(MZ)=0.117, MSUSY=1 TeV

LEP does not favor supersymmetric unification!!!

XC, S. Hsu & D. Reeb



Conclusions
• We have discussed a conservative effective action for quantum 

gravity within usual QFTs such as the standard model or GUT.

• EFT techniques lead to predictions which can be confronted to 
data.

• We have seen some universal features of quantum gravity: the 
Planck scale is dynamical, space-time becomes non-local at that 
scale & strong dynamics at the Planck scale.
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• This progress in quantum gravity enables phenomenological 
applications, e.g. dark matter.

• New model building tools in early universe cosmology

• Applications to gravitational waves

• Applications to grand unified theories

• One cannot ignore quantum gravity, even at low energy!
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Thanks for your attention!


